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ABSTRACT
The p u rp o s e  o f  t h i s  d i s s e r t a t i o n  i s  t o  e s t a b l i s h  
a s e t  o f  i n v a r i a n t s  f o r  d e t e r m in in g  when two n o rm a l 
o p e r a t o r s  on a  s e p a r a b l e  H i l b e r t  sp a c e  a r e  u n i t a r i l y  
e q u i v a l e n t .
I n  th e  f i r s t  c h a p te r  we g iv e  some b a s i c  d e f i n i t i o n s  
and e s t a b l i s h  some o f  t h e  n o t a t i o n  w h ich  w i l l  be u sed  in  
l a t e r  c h a p t e r s .  We a l s o  s t a t e ,  w ith o u t  p r o o f ,  a few 
o f  t h e  b a s ic  r e s u l t s  r e l a t i n g  t o  co m m u ta tiv e , w eak ly  
c l o s e d ,  sy m m e tric  r i n g s  w ith  i d e n t i t y .  We end th e  
f i r s t  c h a p te r  w i th  a d i s c u s s i o n  o f  r i n g s  w h ich  a r e  
g e n e r a te d  by o p e r a t o r s  o f  t h e  fo rm  Af , w here f  i s  a 
c o n t in u o u s  f u n c t io n  and f o r  e a c h  g i n  th e  H i l b e r t  
S pace  L2 [ 0 , 1 ] ,  Af g = f g .
I n  t h e  seco n d  c h a p te r  we d e f i n e  t h e  d e c o m p o s itio n  
th e o r y  o f  P e d e r s e n  and show th ro u g h  ex am p les  t h a t  t h i s  
d e c o m p o s it io n  th e o r y  i s  v e ry  w e l l  s u i t e d  f o r  t h e  
u n i t a r y  e q u iv a le n c e  p ro b le m . I n  t h i s  c h a p te r ,  we a l s o
iv
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c h a r a c t e r i z e  th e  m ax im al i d e a l  sp a c e  o f  a w eak ly  
c l o s e d ,  c o m m u ta tiv e , and sy m m e tric  r i n g  w hich i s  
g e n e ra te d  by. a n o rm a l o p e r a t o r  on a s e p a r a b l e  H i l b e r t  
s p a c e .  T h is  c h a r a c t e r i z a t i o n  i s  i n  te rm s  o f u l t r a ­
f i l t e r s  o f  s e t s  o f  com plex  n u m b e rs .
In  C h a p te r  I I I ,  w ith  t h e  a id  o f  t h e  d e c o m p o s itio n  
th e o r y  o f  P e d e rs e n ,  we a s s o c i a t e  w i th  e a c h  n o rm a l 
o p e r a t o r  on  a s e p a r a b l e  H i l b e r t  s p a c e  a c o u n ta b le  
c o l l e c t i o n  o f  m e a s u re s  and show t h a t  tw o n o rm a l o p e r a t o r s  
a r e  u n i t a r i l y  e q u i v a l e n t  i f  and o n ly  i f  t h e i r  a s s o c i a t e d  
m e a s u re s  a r e  m u tu a l ly  a b s o l u t e l y  c o n t in u o u s .  We a l s o  
com pare  t h i s  th e o r y  w i th  t h e  m u l t i p l i c i t y  t h e o r y  o f  
P o r c e l l i  and  B u t t s .
v
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CHAPTER I  
INTRODUCTION
In  t h i s  p a p e r  we a r e  p r i m a r i l y  c o n c e rn e d  w i th  th e  
d e v e lo p m e n t o f  a  s e t  o f  i n v a r i a n t s  f o r  d e t e r m in in g  when 
tw o  n o rm a l o p e r a t o r s  on a  s e p a r a b l e  H i l b e r t  s p a c e  a r e  
u n i t a r i l y  e q u i v a l e n t .  F o r e a c h  n o rm a l o p e r a t o r  we w i l l  
c o n s t r u c t  a  c o u n ta b le  c o l l e c t i o n  o f  m e a s u re s  and  w i l l  
show  t h a t  tw o n o rm a l o p e r a t o r s  a r e  u n i t a r i l y  e q u i v a l e n t  
i f  and o n ly  i f  t h e i r  a s s o c i a t e d  m e a s u re s  a r e  m u tu a l ly  a b ­
s o l u t e l y  c o n t in u o u s .  We b e g in  w ith  a  c o l l e c t i o n  o f  b a s i c  
d e f i n i t i o n s  and n o t a t i o n ,  w h ic h  by no  means w i l l  be com­
p l e t e .  F o r  a  co m p re h e n s iv e  d i s c u s s i o n  we s u g g e s t  th e  
w o rk s  o f  N aim ark  [ ^ ]  and P e d e r s e n  [ 6 ] .
By H we w i l l  mean a com plex  H i l b e r t  s p a c e ,  and i f  
x , y  e H, th e n  ( x ,y )  and ||x || w i l l  b e  u sed  t o  d e n o te  
t h e  in n e r  p r o d u c t  an d  norm r e s p e c t i v e l y .
A H  o f  th e  o p e r a t o r s  c o n s id e r e d  w i l l  be bounded
1
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2l i n e a r  o p e r a t o r s  and  t h e r e f o r e  th e  w ord  ' ’ o p e r a t o r ' 1 
w i l l  be u s e d  t o  m ean a  b ounded  l i n e a r  o p e r a t o r .  By 
B(H) we w i l l  mean th e  s e t ^ o f  a l l  o p e r a t o r s  on  a  H i l b e r t  
s p a c e  H. I f  A e B(H),- th e n  A* w i l l  d e n o te  th e  
o p e r a t o r  w h ich  i s  t h e  a d j o i n t  o f  A.
I f  M i s  a  r i n g  c o n ta in e d  i n  B (H ), th e n  we sa y
t h a t  M i s  sy m m e tric  p r o v id e d  t h a t  A* e M w h en ev er
A e M. S uppose  t h a t  S i s  a  s e t  c o n ta in e d  i n  B (H ), 
th e n  S ' w i l l  b e  [A e B(H) J f o r  ea ch  B e S, AB = BA
and AB* = B*A). The c o l l e c t i o n  S '  w h ich  i s  c a l l e d  th e
com m utant o f  S, i s  a  w e a k ly  c l o s e d ,  sy m m e tric  r i n g  
w h ich  c o n t a in s  t h e  i d e n t i t y  o p e r a t o r .  M o reo v e r, i f  M 
i s  a  w e a k ly  c lo s e d  sy m m e tr ic  r i n g ,  c o n t a in i n g  th e  i d e n ­
t i t y  o p e r a t o r ,  t h e n  M = (M1) ’ .
I f  M i s  a  r i n g  c o n ta in e d  i n  B(H) and § e H, 
th e n  by  M? we s h a l l  m ean th e  c l o s u r e  o f  t h e  l i n e a r  
m a n ifo ld  (A? | A e M). I f  H = M§ we s h a l l  s a y  t h a t  
§ i s  a  c y c l i c  v e c t o r  f o r  M. I f  H i s  s e p a r a b l e  and 
M i s  a  c o m m u ta tiv e  r i n g  i n  B (H ), th e n  M1, th e  commu­
t a n t  o f  M, h a s  a  c y c l i c  v e c t o r .  I f  M i s  a l s o  sym­
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3m e t r ic  and  w e a k ly  c l o s e d ,  th e n  a  n e c e s s a r y  and  s u f ­
f i c i e n t  c o n d i t i o n  f o r  M t o  h av e  a  c y c l i c  v e c to r  i s  t h a t  
M be  m a x im a lly  c o m m u ta tiv e .
We w i l l  a l s o  make e x t e n s iv e  u s e  o f  t h e  G e lfa n d -  
N aim ark  th e o re m  i n  [ 4] w h ic h  s a y s  t h a t  a  c o m m u ta tiv e , 
sy m m e tr ic  B anach  r i n g  M c  B (H ), c o n t a in i n g  th e  i d e n ­
t i t y ,  i s  i s o m e t r i c a l l y  is o m o rp h ic  t o  th e  r i n g  o f  a l l  
com plex  v a lu e d  c o n t in u o u s  f u n c t i o n s  on t h e  m axim al i d e a l  
s p a c e  o f  M. T h is  iso m o rp h ism  i s  c a l l e d  t h e  G e lfa n d  
t r a n s f o r m .  The t r a n s f o r m  o f  an o p e r a t o r  A in  M w i l l  
be d e n o te d  by AA.
S uppose  t h a t  X i s  a  l o c a l l y  com pact t o p o l o g i c a l  
s p a c e .  A s p e c t r a l  m e a s u re  on X i s  a f u n c t i o n  P (^ )  
w hose dom ain i s  th e  c o l l e c t i o n  o f  a l l  B o re l  s u b s e t s  o f  
X and  w hose v a l u e s  a r e  p r o j e c t i o n s  in  a f i x e d  H i l b e r t  
s p a c e  H, w h e re  1) P (X ) = 1 an d  2) f o r  a r b i t r a r y  
x e H, th e  s e t  f u n c t io n  m, w h ic h  i s  d e f in e d  f o r  e v e ry  
B o re l  s e t  E b y  |i(E )  = ( P ( E ) x ,x ) ,  i s  c o u n ta b ly  a d d i ­
t i v e .  I t  i s  e a s i l y  s e e n  t h a t  i f  P ( \ )  i s  a  s p e c t r a l  
m e a s u re , th e n  i t  i s  m o d u la r  and m u l t i p l i c a t i v e ;  t h a t  i s ,
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
i f  E an d  F a r e  B o re l s u b s e t s  o f  X, th e n
P(E U F ) + P (E  D F ) = P (E ) + P (F ) and
P(E 0 F )  = P ( E ) P ( F ) . F o r f  a  co m p lex  v a lu e d  B o re l
f u n c t i o n  on X, l e t  | | f | | p  be th e  e s s e n t i a l  supremum 
o f  | f |  w ith  r e s p e c t  t o  P (X ); t h a t  i s ,  f o r  an  a r b i ­
t r a r y  n o n n e g a t iv e  r e a l  num ber X, E a  B o r e l  s e t  w i th  
P (E) = 0 ,  we h a v e ,  t h a t  | f ( x ) |  < X f o r  x  $ E, i f  
and o n ly  i f  | |f l lp  < X. The p o w e r fu l  c o n n e c t io n  b e tw e en  
s p e c t r a l  m e a s u re s  and n o rm a l o p e r a t o r s  i s  g iv e n  by th e  
f o l l o w i n g  th e o re m .
Theorem  1 .1 .  I f  A i s  a  n o rm a l o p e r a t o r  on a  s e p a r a b l e  
H i l b e r t  s p a c e  H, th e n  t h e r e  e x i s t s  a c o m p a c t, s e t  T 
o f  th e  com plex  p l a n e ,  and  a  s p e c t r a l  m easu re  P ( \ )  on T .
T h i s  s p e c t r a l  m easu re  i s  c a l l e d  th e  s p e c t r a l  
r e s o l u t i o n  f o r  A and h a s  th e  f o l l o w in g  p r o p e r t i e s :
i i )  B e  ( { A } ' ) '  i f  311(1 o n l y  i f  t h e r e  e x i s t s  a  
bounded  B o re l f u n c t i o n  f  su ch  t h a t
B = f  (A) = J f ( X ) d P ( X)  and ||b || = | | f | | p s and
i i i )  i f  ( f n ) i s  a  bounded  se q u e n c e  o f  B o re l  
f u n c t i o n s  and i f  f ( x )  = l im  f  (x )  e x c e p t on  a  B o re l
n->oo
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s e t  E w i th  P (E )  = 0 , th e n  [ f n (A)3 c o n v e rg e s  t o  
f (A )  i n  t h e  s t r o n g  o p e r a t o r  to p o lo g y .
The proof of i) can be found in any text which 
contains the spectral theorem, for example [4] and [7],
ii) is proven in [7] for self-adjoint operators but is 
easily extended to normal operators, and iii) follows 
directly from Lebesque's dominated convergence theorem.
We w i l l  c o n s id e r  L °°[0 ,1] ( w i th  r e s p e c t  t o  L e b esq u e  
m e a s u re )  t o  be a  r i n g  o f  o p e r a t o r s  a c t i n g  on th e  H i l b e r t  
s p a c e  L2 [ 0 ,1 ]  ( a l s o  w i th  r e s p e c t  to  L e b esq u e  m e a s u re )  
by  m u l t i p l i c a t i o n ;  m ore e x p l i c i t l y ,  f o r  f  e L [ 0 ,1 ]  we 
d e f i n e  th e  o p e r a t o r  Af  e B (L2 [ 0 , 1 ] )  by Af g = f g  f o r  
a l l  g  e L2[ 0 , 1 ] .  The e le m e n ts  o f  t h i s  r i n g  a r e  t h e  
p r im a ry  s o u rc e  f o r  many ex a m p le s  i n  t h i s  p a p e r .  The 
f o l l o w i n g  lemma and th e o re m  g iv e  u s  some p r o p e r t i e s  o f  
t h e s e  o p e r a t o r s  w h ich  w i l l  be u s e d  i n  l a t e r  c h a p t e r s .
Lemma 1 . 1 .  S u p p o se  f  i s  a  c o n t in u o u s  com p lex  v a lu e d  
f u n c t i o n  on [ 0 , 1 ] .  F o r  e a c h  B o re l  s e t  E o f  com p lex  
n u m b e rs , l e t  g g (x  ) = *V-:L( E ) ( x ) j w here n f _ 1 (E ) iS
with permission of the copyright owner. Further reproduction prohibited without permission.
6t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  f  ^ ( E ) .  I f  P(X) i s
th e  s p e c t r a l  r e s o l u t i o n  o f  A,,, th e n  A = P (E ) .
1 g E
P r o o f ; L e t e > 0 and l e t  be a  c o l l e c t i o n
o f  B o re l  s e t s  w h ich  c o v e r  t h e  r a n g e  o f  f  and h a s  t h e
a d d i t i o n a l  p r o p e r t i e s :  1 )  D S j = 0  f o r  i  ^  j ,
and  2 ) x , y  e S . i m p l i e s  |x  -  y |  < e f o r  i  =
1 , 2 , • • • , n .  L e t XI e S . and  l e t  E, = f - 1 ( S . ) .  I f  
l  i  i
x  e E^ , th e n
' | f ( x )  -  ^  x ;  g ( x ) i  = | f ( x )  -  X: I < e .
i = l  1 ^ i  1
H en ce ,
II Af  “ ^ = 1  X '± Ag E>H
T h e r e f o r e ,  by  th e  u n iq u e n e s s  o f  s p e c t r a l  m e a su re
A = P (E ) .
SE
By u s in g  th e  a b o v e , i n  t h e  f o l l o w in g  th e o re m  we 
c h a r a c t e r i z e  t h e  w e a k ly  c l o s e d ,  s y m m e tr ic , co m m u ta tiv e  
r i n g  g e n e r a te d  by th e  o p e r a t o r  Af , w h e re  f  i s  a 
c o n t in u o u s  f u n c t i o n  on  [ 0 , 1 ] ,
T heorem  1 .2 .  L e t f  b e  a  c o n t in u o u s ,  com plex  v a lu e d
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
7f u n c t i o n  on [ 0 , 1 ] .  Then ( f A ^ ) ' ) ’ = £Ag f 0 i s  a
bounded  com plex  v a lu e d  B o r e l  f u n c t i o n  on t h e  ra n g e  o f
f ) .
P r o o f : L e t  B b e  a  p o s i t i v e  d e f i n i t e  o p e r a t o r  in
({Af } ' ) ’ * S in c e  ([A f ) ’ ) ’ i s  c o n ta in e d  in  L °° [0 ,1 ] , 
th e r e  e x i s t s  a g e  I,°°[0 ,1 ] su ch  t h a t  B = Ag . By 
Theorem  1 .1  t h e r e  e x i s t s  a  bounded  B o re l  f u n c t i o n  g ' 
such  t h a t
w h ere  P (X ) i s  t h e  s p e c t r a l  r e s o l u t i o n  o f  Af . T h e re  
e x i s t s  a  s e q u e n c e  o f  s im p le  f u n c t i o n s  (Sn ) su ch  t h a t  
Sn g '  u n i f o r m ly  on t h e  ra n g e  o f  f .  I t  f o l l o w s  t h a t  
S o f  •+ g 'o  f  u n i f o r m ly  on  [ 0 , 1 ] .  S uppose  t h a t
n lr
B = J g ' ( X ) d P ( X ) ,
s n  _ Ei ^ l  . Then f o r  x ,y  e L2 [ 0 ,1 ] . ,i  n.
J s n (X)d(P(X)x,y)  = Js . Ilg ( X ) d( P ( X) x , y )
i
k
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8■ JJ
= f 1 S ( f ( t ) ) x ( t ) y ( t ) d t .
j 0 11
L e t e > 0 b e  g iv e n .  Then' t h e r e  e x i s t s  a  p o s i t i v e  
num ber N su c h  t h a t  f o r  n  > N we h a v e  t h a t  
l s ' ( t )  -  Sn ( t ) |  < e ana  I g ' ( f ( x ) )  -  Sn ( f ( x ) ) |  < e .
T h e r e f o r e ,  f o r  n  > N we h a v e  t h a t
|(A gx ,y )  -  (Ag , 0 f x , y ) |  = | (Agx ,y )  -  J s n ( X ) d ( P ( \ ) x , y )
+ I q sn(f (t ) ) x (fc)y(t )dt " (Ag'o f x' y ) l
< | J [ g ' ( X )  -  Sn ( \ ) ] a ( P ( \ ) x , y ) |
+ | f 1 [ S  ( f ( x ) )  -  g ’ ( f ( x ) ) ] x ( t ) y ( t ) d t |
j  0 n
< 2  ^ M l | |y | | .
H ence, B = Ag = Ag »0 f  s in c e  a n y  n o rm a l o p e r a t o r
ca n  be w r i t t e n  a s  t h e  sum o f  f o u r  p o s i t i v e  d e f i n i t e  o p e ­
r a t o r s  we h av e  e s t a b l i s h e d  t h e  lemma.
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CHAPTER I I
I n  t h i s  c h a p te r  we i n v e s t i g a t e  t h e  d e c o m p o s it io n  
o f  a H i l b e r t  sp a c e  i n t o  a  sum o f  s u b s p a c e s  ea ch  o f  w h ich  
i s  c y c l i c  f o r  t h e  r i n g  i n  q u e s t i o n .  T h e se  c y c l i c  s u b ­
s p a c e s  w i l l  be  t h e  b a s i s  f o r  d e t e r m in in g  when tw o n o rm a l 
o p e r a t o r s  a r e  u n i t a r i l y  e q u i v a l e n t .
T h ro u g h o u t t h i s  s e c t i o n  we w i l l  assum e t h a t  H i s  
a  H i l b e r t  s p a c e ,  M i s  a  sy m m e tr ic , w e a k ly  c l o s e d ,  com­
m u t a t i v e  s u b r in g  o f  B(H) an d  t h a t  M ', i t s  com m utan t, 
h a s  a  c y c l i c  v e c t o r  I t  h a s  b ee n  shown i n  [ 6 ]  t h a t
u n d e r  t h e s e  c o n d i t i o n s  t h e  m ax im al i d e a l  s p a c e  o f
M, i s  e x t r e m e ly  d i s c o n n e c t e d ;  t h a t  i s ,  th e  c l o s u r e s  o f  
o p en  s e t s  a r e  o p e n . I f  U I s  a  c lo p e n  (open  and  c l o s e d )  
s e t  i n  th e n  lly , th e  c h a r a c t e r i s t i c  f u n c t i o n  o f
U, i s  c o n t in u o u s .  H ence t h e r e  e x i s t s  a  p r o j e c t i o n  in  
M su ch  t h a t  i t s  G e lfa n d  t r a n s f o r m  i s  e q u a l  t o  1 ^ ; we 
d e n o te  t h i s  p r o j e c t i o n  by  v
9
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I f  r) e H, th e n  th e r e  e x i s t s  a  m e a su re  y on % 
s u c h  t h a t
(An,ri)  = J AA(m)dV(m).
M o reo v e r , Y h a s  t h e  p r o p e r t y  t h a t  i f  S i s  a  m e a s u ra b le  
s u b s e t  o f  7/[} th e n  t h e r e  e x i s t s  a  c lo p e n  s e t  U such  
t h a t  Y(SAU) = 0 , w h ere  SAU i s  t h e  sy m m e tric  d i f f e r e n c e  
(S  \u )  U (U \ S ) . The m e a s u re  p w h ic h  i s  in d u c e d  in  t h e
ab o v e  way by h a s  th e  a d d i t i o n a l  p r o p e r t y  t h a t  i t s
s u p p o r t  i s  a l l  o f  7/1.
F o r e a c h  r) e H t h e r e  e x i s t s  cp^e L '[ /^ ,p ]
(A ri,n ) = f AA(m)cp (m )dg (m ).
J ^  M
We d e n o te  by  S t h e  c l o s u r e  o f  {m e #i|cp (m) ^
q P
S i s  a  c lo p e n  s e t  so  t h e r e  e x i s t s  a  p r o j e c t i o n
T)
su c h  t h a t  Pg = Fig .
T1 n
W ith  t h e  ab o v e  d e f i n i t i o n s  we a r e  now r e a d y  to  
d e f i n e  t h e  d e c o m p o s it io n  w h ic h  P e d e r s e n ,  i n  [ 6 ] ,  h a s  
shown w i l l  a lw a y s  e x i s t  u n d e r  th e  s t a t e d  c o n d i t i o n s  on 
M and M' .
0 ) ,
Po
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D e f i n i t i o n  2 .1 .  S u p p o se  M i s  a  w e a k ly  c l o s e d ,  sym­
m e t r i c ,  an d  c o m m u ta tiv e  s u b r in g  o f  B(H) and t h a t  M ',
i t s  com m utan t, h a s  a  c y c l i c  v e c to r  ? Q. A c a n o n ic a l  
d e c o m p o s it io n  s y s te m  f o r  M i s  a  c o l l e c t i o n  f (Ka -»r la ) }a € p 
su c h  t h a t  r)a  € Ka  c  H and
i )  r  i s  a  w e l l  o r d e r e d  s e t ;
i i )  Ka  = Mpa , H = EKa  an d  Ka  x Kp f o r  a  ^  p ;
iii) cpn = n g ; and
a
i v )  a  < p im p l ie s  S c  s  .
^p  %
The s e t s  S can  b e  c h a r a c t e r i z e d  in d e p e n d e n t ly  o f  
T[<1
the r)a and §q by means of a local dimension function.
D e f i n i t i o n  2 .2 .  The d im e n s io n  o f  H r e l a t i v e  t o  M,
w h ich  w i l l  be d e n o te d  by dim M H, i s  d e f in e d  t o  be th e
s m a l l e s t  c a r d i n a l  num ber c such  t h a t  H = SasA Ha>
where card A = c and each Ha is a non-trivial cyclic
su b s p a c e  f o r  M. F o r  e a c h  c lo p e n  s e t  V c  we s e t
Ey = (APy | A e M}, and f o r  e a c h  m e % we s e t
d(m) = in f ( d i m v PH|m e V c  ty ) .  Then d(m) i s  c a l l e d  
V
the local dimension function.
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A c o n n e c t io n  b e tw e e n  t h e  l o c a l  d im e n s io n  f u n c t io n  
and  th e  S i s  g iv e n  by t h e  f o l l o w i n g  th e o re m , th e  
p r o o f  o f  w h ic h  ca n  b e  fo u n d  i n  [ 6 ] ,
Theorem  2 . 1 ,  S u p p o se  M ,M ',§ 0 j {S }a € r  s a t i s f y  th e  
c o n d i t i o n s  o f  D e f i n i t i o n  2 .1 ,  and s u p p o se  H i s  s e p a ­
r a b l e ,  n  i s  a  p o s i t i v e  i n t e g e r  and m e Then
m e S i f  and o n ly  i f  d(m ) > n .
^n
B e fo re  c o n s id e r in g  ex a m p le s  o f  t h e  c a n o n ic a l  decom ­
p o s i t i o n  we w an t t o  c h a r a c t e r i z e  th e  m axim al i d e a l  s p a c e  
o f  a  w e a k ly  c lo s e d  r i n g  g e n e r a te d  by  a n o rm a l o p e r a t o r  
on  a  s e p a r a b l e  H i l b e r t  s p a c e .
L e t N be a  n o rm a l o p e r a t o r  on a s e p a r a b l e  H i l b e r t  
s p a c e  H, and l e t  P(X) b e  th e  s p e c t r a l  r e s o l u t i o n  f o r  
N; t h a t  i s ,  N = Jx d P( X) .  A lso  l e t  be t h e  c o l l e c ­
t i o n  o f  a l l  B o re l s u b s e t s  E o f  t h e  p la n e  s u c h  t h a t  
P (E )  /  0 ,  and l e t  be t h e  c o l l e c t i o n  o f  a l l  u l t r a ­
f i l t e r s  o f  s e t s  i n  F o r  e a ch  E in  E^, p u t
E = (m e ^ N|E  e m}.
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Theorem  2 .2 .  L e t  N b e  a  n o rm a l o p e r a t o r  on a s e p a r a b l e
H i l b e r t  s p a c e  H. Then w i th  th e  to p o lo g y  in d u c e d
A
by s e t s  o f  t h e  fo rm  E, i s  th e  m ax im al i d e a l  s p a c e  o f  
“ h e  w e a k ly  c l o s e d  r i n g  g e n e r a te d  by N and  N*. In  ad ­
d i t i o n  P (E )Aj t h e  G e lfa n d  t r a n s f o r m  o f  P (E ) , i s  IT^.
P r o o f : L e t M b e  t h e  w e a k ly  c lo s e d  r i n g  g e n e ra te d  by
N and N*j an d  s u p p o se  a l s o  t h a t  % i s  th e  c o l l e c t i o n
o f  a l l  m u l t i p l i c a t i v e  l i n e a r  f u n c t i o n a l s  on M, w i th  
t h e  w eak -*  to p o lo g y .  D e f in e  r  from  71{ i n t o  ?7!N by 
th e  f o l l o w i n g .  F o r  e a c h  0  e 7l\, p u t
r(0) = (E e Zn |0 ( P ( E ) )  = 1 ) .
We w i l l  p ro v e  t h a t  T i s  a  hom eom orphism . F i r s t
we m u st show t h a t  r ( 0 )  i s  in d e e d  an u l t r a f i l t e r .  I f
E ,F  e r ( 0 ) ,  th e n
0 ( P( EHF) ) = 0 ( P ( E ) P ( F ) )  = 0 ( P ( E ) ) 0 ( P ( F ) ) =  1
and E fl F e r(0). Now E c  F and  E e ^ ( 0 ) ,  th e n
0 ( P ( F ) ) = 0 ( P ( ( F  \E )  U E) = 0 ( P ( F  \ E ) )  + 0 ( P ( E ) )
= 0 ( P( F  \ E ) ) + 1 > 1 j
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an d  s in c e  P (E ) i s  a  p r o j e c t i o n  we m u s t have  e q u a l i t y ,  
so  t h a t  P e r(0). F i n a l l y  assum e t h a t  E U P e r ( 0 ) .  
Then
I f  b o th  E and  F w ere  n o t  i n  T(0) we w ou ld  h av e  
t h a t  0 ( P ( E ) ) = 0 ( P ( F ) ) = 0 and  h e n c e  0 (P (E D F )) = - 1 ,  
w h ic h  i s  c l e a r l y  im p o s s ib l e .  Thus E or  F i s  i n  
T{0), and  t h e r e f o r e ,  T(0) i s  an  u l t r a f i l t e r .
Now we s h a l l  show  t h a t  r  i s  o n to .  L e t m e
S in c e  m i s  an u l t r a f i l t e r ,  E fl F e m i f  and  o n ly  i f  
E and F a r e  b o th  i n  m, and  f o r  E D  F = 0 ,  E U F e m  
i f  and o n ly  i f  E e m o r  F e r n  b u t  n. t  b o th .  The 
ab o v e  i m p l i e s  t h a t
1) 0m(P(HlF)) = 0n(P(S))0JP(F)); and
2) 0m(P(EUF)) = 0m(P(E)) + 0m(P(F)) i f  ED F = 0.
1 = 0 ( P( EUF) )  = 0 ( P ( E )  +  P(F)  -  P(EflP))
= 0 ( P ( E ) )  + 0 ( P ( F ) )  -  0(P(ETIF)) .
an d  p u t
0m(P(E))
1 i f  Ee%
0 o th e r w i s e  .
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We w an t t o  e x te n d  0m t o  a  m u l t i p l i c a t i v e  l i n e a r  
f u n c t i o n a l  on M. I t  can  be e x te n d e d  l i n e a r l y  t o  o p e r ­
a t o r s  o f  t h e  fo rm  a ^P(Ej_) and by  l )  and  2 ) i t
w i l l  be l i n e a r  and m u l t i p l i c a t i v e  on t h i s  c l a s s  o f  o p e ­
r a t o r s .  M o reo v e r, i f  S = a i P (E i ) ,  and E. fl E j =
0  f o r  i  0  3 , th e n
3) |0 m(S ) | = |S?=1 a ^ P ^ ) ) !  < m a x [ a . } ^
L e t B be a  p o s i t i v e  d e f i n i t e  o p e r a t o r  i n  M.
Then by Theorem  1 .1  t h e r e  e x i s t s  a  n o n - n e g a t iv e  bounded 
B o re l  f u n c t i o n  f ,  on th e  s p e c tru m  o f  N, s u c h  t h a t
B = j f  (X )dP(X )
and | | f | | p  = ||B ||. L e t  (Sn ) be  an i n c r e a s i n g  s e q u e n c e  
o f  s im p le  f u n c t i o n s  w h ich  c o n v e rg e  t o  f  u n i f o r m ly .
I f  s n = s i = l  % , i \  ± ’ th e n  l 6 t  Sn  = a n , i P <En , i )
and  d e f i n e
< V B) = £ £
The above l i m i t  c l e a r l y  e x i s t s  and i s - u n i q u e  b y  3 )  and
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Theorem  1 .1 .  I t  I s  a l s o  e a s i l y  s e e n  by  1) and 2 )  t h a t
0  e D\. We now h a v e  t h a t  V i s  o n to ,  s in c e  
m
r ( F „ )  = Ce  e ^ ( p Ce ) )  = l )
= (E e s j E  e m)
= m.
I f  0 1 , 0 2 e n  and  r ( 0 1 ) = r ( 0 2 ) ,  th e n  
0 1 (P(E)) = 0 2 (P(E)) f o r  a l l  E € 2 ^ .  H ence by  c o n t i ­
n u i t y  th e y  a r e  e q u a l  and T i s  one t o  o n e . S in c e  ftl i s
com pac t an d  H a u s d o r f f ,  a l l  t h a t  re m a in s  t o  be  shown i s  
t h a t  r i s  c o n t in u o u s .
L e t 0 O e r _ 1 (E ) . and l e t
U = {0 € |0o (P(E)) - 0(P(E))| < 1 /2 } .
Since r(0Q ) e E, we have that 0o (P(E)) = 1. Hence 
if 0 6 U, 0(P(E)) must be equal to 1 so that
0 e Thus we have shown that U c r ^(E) and
;hnl T is continuous. Therefore, T is a homoomocu';.J. ua..
Rem ark 2 . 1 .  I f  we c o n s id e r  L °°[0 ,1] a s  a r i n g  o f  e p e r -
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a t o r s  a c t i n g  on th e  H i l b e r t  s p a c e  L2 [ 0 ,1 ]  by m u l t i ­
p l i c a t i o n  an d  l e t  N b e  m u l t i p l i c a t i o n  by  x ,  th e n  
P (E ) = 0  i f  and  o n ly  i f  E i s  a s e t  o f  m e a s u re  z e r o .  
H en ce , by T heorem  2 . 2 ,  th e  m ax im a l i d e a l  s p a c e  o f  L ° ° [0 ,1 ] , 
t h e  w eak ly  c l o s e d  r i n g  g e n e r a te d  by N, i s  t h e  c o l l e c t i o n  
o f  a l l  u l t r a f i l t e r s  o f  s e t s  o f  p o s i t i v e  m e a s u re .  A lso  by 
Theorem  2 .2  and th e  r e s u l t s  i n  C h a p te r  I ,  i f  f  i s  a 
r e a l  v a lu e d  c o n t in u o u s  f u n c t i o n  on [ 0 , 1 ] ,  and N i s  
m u l t i p l i c a t i o n  by f ,  th e n  t h e  m ax im al i d e a l  s p a c e  o f  
t h e  w eak ly  c lo s e d  r i n g  g e n e r a te d  by N i s  t h e  c o l l e c t i o n  
o f  a l l  u l t r a f i l t e r s  o f  B o re l  s e t s  w i th  th e  p r o p e r t y  t h a t  
E = f - 1 ( f ( E ) ) and n (E )  > 0 .
I n  o r d e r  to  m o t iv a t e  t h e  r o l e  p la y e d  by t h e  c a n o ­
n i c a l  d e c o m p o s it io n  i n  d e t e r m in in g  w hen two n o rm a l o p e ­
r a t o r s  a r e  u n i t a r i l y  e q u i v a l e n t ,  we s h a l l  e x h i b i t  th e  
c a n o n ic a l  d e c o m p o s it io n  f o r  some s p e c i a l  r i n g s .  In  p a r ­
t i c u l a r  i f  f  e L°°[ 0 , 1 ] ,  we w i l l  c o n s id e r  t h e  w eak ly  
c l o s e d  r i n g  g e n e r a te d  by th e  o p e r a t o r  Af  a c t i n g  on 
L2 [ 0 ,1 ]  b y  m u l t i p l i c a t i o n  by  f .  We b e g in  w i th  th e  
f o l l o w i n g  lem m as.
Lemma 2 .1 .  L e t %2.’ X2 b e  m easura1:)le s u b s e t s  o f  [ 0 ,1 ]
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
18
and let g be a continuous, one to one function from 
X2 onto Xg with the additional property that p(E) =
0 if and only if p(g(E)) = 0, where p is Lebesque
measure on [0,1], Then there exists 0 e L^ (X-,) suche> x
that:
i) f f(g(t))0  (t)dp = f f(t)dp for all f e l“ [ X J ;
J x x s  J x 2
ii) J 0g (t)dp = p(X2); and
X2
iii) if 0g-1 is the L^[X2] function that 
corresponds to g”’1, then $g (g 1(t))^g_i(t) = 1 a*e*
P r o o f ; Let Hg (E) = M(s(e)) for E a measurable sub­
set of [0,1] and let F be a measurable subset of X2*
Then
J i y g (t))dug = J ng.1(p)(t)d*g
X1 X1
= ^ ( g ' V ) )
= U (F)
= L  M ‘ )d  ^ •
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T hus i f  S i s  a s im p le  f u n c t i o n  on X2 , i t  f o l l o w s  t h a t
J S ( g ( t ) ) d p  = J S ( t ) d p .
X1 X2
I f  f  e L°°[Xg] 3 t h e r e  e x i s t s  a  s e q u e n c e  o f  s im p le  f u n c ­
t i o n s  [Sn ) ,  w h ic h  c o n v e rg e  u n i f o r m ly  to  f .  Then 
{Sn °  g} w i l l  c o n v e rg e  u n i f o r m ly  t o  f o g  and  we h a v e  
t h a t
S in c e  g t a k e s  s e t s  o f  m e a s u re  z e ro  t o  s e t s  o f
m e a su re  z e r o .  p. and p a r e  m u t u a l l y  a b s o l u t e l y  c o n -
® 1 
t i n u o u s .  T h e r e f o r e ,  t h e r e  e x i s t s  e L [X -^], su ch
t h a t
2 ) J f ( s ( t ) ) 0  ( t ) d n  = J f ( g ( t ) ) d p g 
X1 X1
f o r  a l l  f  e L°°[X2 ] .  C om bin ing  1 )  and 2) we hav e  e s t a b ­
l i s h e d  i ) .
Now su p p o se  f  e L°°[X2 ] . Then
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J  f ( t ) 0 g (g " 1 ( t ) ) 0 g _1 (t)d M
X2
= J f(g(g-1 (t)))0g(g-1(t))0g. 1(t)dn
X2
= J  f ( g ( t ) ) 0 g ( t ) d n  
X1
= r f(t)dn .
Y
2
T h e r e f o r e ,  f o r  a l l  f  e L [ X ^ ] ,
|  f ( t ) [ l  -  0 g (g ‘ 1 ( t ) ) 0 g _1 ( t ) ] d n  = 0
xa
and i i i ) h a s  b e e n  e s t a b l i s h e d .
L e t  e b e  t h e  f u n c t i o n  on X2 d e f in e d  by e ( x )  = 1 
f o r  a l l  x  i n  Xg. Then
J 0 (t)dp = J e(g(t))0g(t)dn 
X1 X1
= f e ( t ) d p  
X2
= n(X g) .
D e f i n i t i o n  2 .2 .  L e t p and Y b e  two p o s i t i v e  m e a s u re s  
on a m e a s u re  s p a c e  E an d  l e t  F be a  m e a s u r a b le  s u b s e t
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o f  E. Then p and  y a r e  s a id  t o  b e  e q u i v a l e n t  r e l a ­
t i v e  t o  F , d e n o te d  by  p ~  Y r e l  F , p r o v id e d  t h a t  f o r
a l l  m e a s u ra b le  s e t s  A c  E, p(EHA) = 0  i f  and  o n ly
i f  y(FflA ) = 0 .
L e t b e  t h e  c o l l e c t i o n  o f  a l l  s u b s e t s  o f
[ 1 , 2 , * * * ,n )  w i th  j  e l e m e n ts  i n  e a c h  s u b s e t .
Lemma 2 .2 .  L e t E b e  a  m e a s u re  sp a c e  w i th
p o s i t i v e  m e a s u re s  d e f in e d  on i t .  Then t h e r e  e x i s t s  a  
d e c o m p o s i t io n  o f  E i n t o  B o re l  s e t s  o f  th e  f o l l o w in g  
fo rm :
n
i )  E = U E , , E n E . = 0  f o r  i  ^  j ;
i = l  1 1 J
i i )  E± = U n E j ,  E° 0 E^ = 0  f o r  a /  (3;
a€/v ^
i i i )  i f  m ,n  e a, th e n  pm ~  Pn  r e l  E ° ; and
iv ) i f  k / a, th e n  PjJeJ) = 0 .
P r o o f : The p r o o f  w i l l  b e  by  in d u c t io n  on th e  num ber o f
m e a s u re s  d e f in e d  on E.
S uppose  an d  p2 a r e  tw o p o s i t i v e  m e a s u re s  on
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E. Then by  th e  L e b esq u e  d e c o m p o s it io n  th e o re m  t h e r e  
e x i s t s  a  p a i r  o f  m e a s u re s ,  p ^  and  p^ , s u c h  t h a t :
1) = + >
2 ) p ^  < < P2 ; and
3 ) p ^  j- p® , an d  p2 x p® .
L e t E p ^  b e  a  B o r e l  s u b s e t  o f  E su ch  t h a t  f o r
an y  m e a s u r a b le  s u b s e t  A o f  E, M’p A )  = P p A f i E p p ,  
P2 ( E p } )  = 0 , and  p p E p p  = 0 .  Now c o n s id e r in g
p f  and  p p a s  m e a s u re s  on E \  E p ^  , t h e r e  e x i s t s
fi 1
a  p a i r  o f  m e a s u r e s ,  p2 and  P2 , su c h  t h a t  on E \E 1 
we h a v e :
4 ) P2 -  + p |  5
5) Pg < < 5 axia
6) p^ x p^ , and p* i- p® .
L e t E p ^  b e  a  B o re l  s u b s e t  o f  E \ E p P  su ch  t h a t
f o r  any  m e a s u ra b le  s u b s e t  A o f  E - j \ E p p  P2 (A ) = 
p ^ A D E p p ,  p | ( E p P  = 0 , an d  p p E p p  = 0 . S in c e  p j
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i s  c o n c e n t r a t e d  on E - ^ ,  i t  f o l l o w s  t h a t
Ui ( e{ 2 ] ) = l4 (E . [S ) ) + U ® ( E p ] ) = 0 .
P u t E^1 ’ 2  ^ = E \ (E f1  ^ U e | 2 ^ ) .  By 2 ) ,  on e | 1 , S ^
we h av e  t h a t  p ^  < < P2< H ow ever, p |  i s  c o n c e n t r a t e d  
on  E -P P  h e n c e  on  By 5 ) ,  on E^1 ' 2 ^
we h av e  p2 < < - B u t a g a in  by t h e  d e f i n i t i o n  o f
E jp ^  and  E| 2 ^ , i t  i s  a l s o  t r u e  t h a t  p2 < < p^ on 
e | 1 j 2 ^. Thus we h a v e  shown t h a t  p2 ~  p^ r e l  E^1 *2 ^ ,
an d  t h a t  t h e  s e t s  E p ^ ,  e | 2 ^ , and E^1 *2  ^ s a t i s f y  t h e  
c o n d i t i o n s  o f  t h e  lem m a.
Now l e t  p ^ , • • • , pn  be n  p o s i t i v e  m e a s u re s  d e f in e d  
on E . F o r  p1 , • • • , Pn _2 .> by  th e  i n d u c t io n  h y p o th e s i s ,  
t h e r e  e x i s t s  th e  f o l l o w in g  d e c o m p o s it io n  o f  E: 
n -1
7 )  E = U F , ,  F , D F ,  = 0  f o r  i  ^  j ;
i = l  1 1 J
8 ) F . = U - F? , F ?  H f ?  = 0  f o r  a  ^  3
1 aeA ? i l l
9) i f  m ,n  e a ,  th e n  p ^  ~  Pn  r e l  F? ; and
10) i f  k  ^ a ,  th e n  Pk ( E° )  = 0 .
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L e t a e a n - iA i ' and
a s  m e a s u re s  on -
s u c h th a t :
11 ) %. =
12) a  . ^n < < and
1 3 ) and
L e t b e  a B o re l
k  e ct. C o n s id e r in g  pk and  
t h e r e  e x i s t  m e a s u re s  p^ and
s e t o f  F^ , s u c h  t h a t  f o r  
any  m e a s u ra b le  s u b s e t  A o f  F? ; =
Mn(Kj) = 0, an d  Pk (K °) = 0 . Now c o n s id e r in g  
p ^  and pk  a s  p o s i t i v e  m e a s u re s  on  F? \  K? , t h e r e  
e x i s t s  a  p a i r  o f  m e a s u re s ,  pk an d  pk  , on  F j \  K j 
such  t h a t :
16 ) ii? x pjik and p. x pn
F o r  a c  { 1 ,2 ,
. B o re l s u b s e t  o f  
m e a s u ra b le  s u b s e t  A o f
Ej be
i - i ) and 1 < j  < n - 1 , l e t
■ p j \  kj
su ch  t h a t f o r  a n y
■ p . , mJ (A ) -
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H®(E?) = 0 , and  = 0 . S in c e  p® i s  c o n c e n t r a t e d
on K° and E j c  F ° \K j  ,  i t  f o l l o w s  t h a t  dn (E ?) = 0 . 
S in c e  E? c  F j  3 m-,n  e a  imP l i e s  ^  ~  Pn  r e l  Ej  311(3 
a l s o  p £ cr im p l i e s  ( -^ (E j)  = 0 .  Thus f o r
0 c  ( 1 , 2, • • * , n - l }  and 1 < j  < n - 1 , E^ s a t i s f i e s  i i i ) .
F o r  a e A j " 1 , l e t  = F? \ ( E j  U K j) .  I f
k  e o , th e n  b y  12) ,  15)* and  t h e  d e f i n i t i o n s  o f  E°
and K j ,  i t  f o l l o w s  t h a t  pn  ~  Pk  r e l  E ^ n ^. A g a in
s in c e  E ? f in * <= F°  we h a v e  t h a t  E°Ufn5 s a t i s f i e s  
J"KL J J
i i i ) .
From  th e  d e f i n i t i o n  o f  Kj we o b s e r v e  t h a t  f o r
k e a, Pk (Kj )  = °* F o r k  f  0 i t  i s  a l s o  t r u e  t h a t
|ak (K j)  = 0 , s i n c e  c  F j . Thus i f  we l e t  E ^  =
V( u „ i t  f o l l o w s  t h a t  M E * n 5 ) = 0 f o r
3=1 ae  A J
1 < k  < n - 1 .
O b se rv in g  t h a t  F j  = Ej ^ n  ^ U  E j II and t h a t  th e y
a r e  p a i r w i s e  d i s j o i n t ,  we h av e  t h a t  (E j 3 * 0 6 A j  '
1 < j  < n , s a t i s f y  t h e  c o n d i t i o n s  o f  t h i s  lemma.
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2.6
D e f i n i t i o n  2 .3 .  S u p p o se  f  i s  a  c o n t in u o u s  r e a l  v a lu e d
f u n c t i o n  on [ a , b ] . F o r  e a c h  r e a l  num ber y , l e t  M ^(y)
b e  t h e  num ber ( f i n i t e  o r  i n f i n i t e )  o f  p o i n t s ,  X, in  [ a , b ]  
a t  w h ic h  f ( x )  = y .  C a l l  Mf  th e  m u l t i p l i c i t y  f u n c t io n  
o f  f .
I t  i s  known t h a t  M i s  a B o r e l  f u n c t i o n  and t h a t  
^M;f.(y )d y  i s  t h e  t o t a l  v a r i a t i o n  o f  f  on [ a , b ] .  F o r 
a d i s c u s s i o n  o f  t h e  ab o v e  s e e  [ 5] o r  [ 8] .
The n e x t  lemma i s  one o f  a t e c h n i c a l  n a t u r e  b u t  i s  
q u i t e  im p o r ta n t .
Lemma 2 . 3 . S uppose  t h a t  f  i s  a  c o n t in u o u s  r e a l  v a lu e d
f u n c t i o n  on [ 0 ,1 ]  s u c h  t h a t  U f ” 1 (M l1 ( i ) )  h a s  L e b esq u e
l< i< °°
m e a s u re  e q u a l  t o  1 .  Then t h e r e  e x i s t s  a c o l l e c t i o n  
o f  s e t s  (E i  . ) 1 < j  < i ,  i  = 0 , 1 , 2 , • • * ,  t h a t  s a t i s f y  
t h e  f o l l o w i n g :
i )  E. . 0 = 0  i f  i  A  and  j  ^  A;
i i )  f ( E i ^ J ) = f ( E i j k ) f o r  1 < j , k  < i ;
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i i i )  f  r e s t r i c t e d  t o  E^ j  i s  one  t o  o n e ;
i v )  | i ( f ~ 1 (E ) fl = 0 i f  and o n ly  i f  
n ( f - 1 (E ) n E^ k ) = 0 , w h e re  p i s  L e b esq u e  m easu re .,
E i s  a  B o r e l  s u b s e t  i n  [ 0 , 1 ] ,  a n d  1 < j , k  < i ;  and
V) U( u E k n E) = k ) )  n E)
k = l  0
f o r  m e a s u ra b le  s e t s  E s u c h  t h a t  X  e UAf )' ) ' -
P r o o f : F o r  e a c h  n a t u r a l  num ber i ,  l e t  F^ = Mf 1 ( i )
and K± = f _1 (F 1 ) .  D e f in e  i n d u c t i v e l y  t h e  c o l l e c t i o n  
(Ki  1 < j  < i ,  i  = 1 , 2, • • • a s  f o l l o w s ;
Ki f l  = m i n ( f " 1 ( y ) |y  e F± 3, 
and f o r  1 < j  j< i ,
j -1
K, , = m in { f  (y )  \  U K. k |y  e F± } .
k = l 3
We w i l l  p ro v e  t h a t  t h e  c o l l e c t i o n  ^ a s
f o l l o w i n g  p r o p e r t i e s :
1 ) f (K i # J ) = f (K ± ) = F. f o r  1 < J < i ,  i  =
1, 2, ‘ * *
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b)  f  r e s t r i c t e d  t o  j  i s  o n e  t o  o n e ; and
5 ) e a c h  %  j  m e a s u ra b le .
F i r s t  i t  can  b e  n o te d  t h a t  x  e j  i f  and o n ly
i f  th e r e  e x i s t  i  r e a l  n u m b e rs , x ^  < x^ < * *■ < 
s u c h  t h a t  f ( x k ) = f ( x )  f o r  k = 1 , 2 , • • * , ! ,  and  x
i s  e q u a l t o  th e  j t h  e le m e n t i n  t h i s  o r d e r i n g .
From t h e i r  d e f i n i t i o n ,  K. ,  <= K. and th u s
J-j J x
f ( K i  j )  <= f (K 1 ) .  Now su p p o se  y e f ( K i ) .  Then
y  € f ( f ~ 1 (Ki ))  = F± = M“ 1 ( i )  and
h e n c e ,  t h e r e  e x i s t  r e a l  n u m b e rs , x -^ X g , • • • , x i , su c h  
t h a t  f ( x fc) = y , k  = 1 , 2 , • • - , i .  I f  x x < x 2 < • • •  < x L,
th e n  by t h e  above n o t e ,  x ^  e T h e re f o r e ,  y e f ( K ^  j )
an d  i t  f o l l o w s  t h a t  = f ( Ki )  = Ff
F o r 3 ^ 1 ,  j  and  K±^  a r e  c l e a r l y  d i s j o i n t .
I f  x  e K± , th e n  f ( x )  e F± and  h e n c e  f _1 ( f ( x ) )  c o n -
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t a i n s  i  r e a l  n u m b e rs . S u p p o se  t h a t  x  i s  th e  j t h
e le m e n t i n  f " 1 ( f ( x ) ) .  Then x  e K± ^ and  s in c e
K. . c  K ., we h av e  t h a t  K. = U K . . .i , J  1 i
Now s u p p o se  f ( x )  = f ( z )  f o r  x , z e K^ j .  B u t 
t h i s  im p l ie s  t h a t  b o th  x  and z a r e  t h e  j ' t h  e le m e n ts  
in  f “1 ( f ( x ) ) .  T h e r e f o r e  x m u s t be e q u a l  t o  z and 
f  i s  one t o  o n e  on K. j .
k  / 2k - ^ 2k \F o r  e a c h  p o s i t i v e  i n t e g e r  n ,  l e t  I n  = — , — )
k = 1 , 2, • • • , n  and  = I k fl K± . F o r e a c h  p o s i t i v e  i n ­
t e g e r  n ,  l e t  Dn  b e  t h e  u n io n  o f  th o s e  s u c h  t h a t
J k n K. . ^  0 ,  and l e t  D = ff D „. We w i l l  show t h a tn  i , j  ^  n=1 n
D c  K. . .  L e t  x e D and s u p p o s e  t h a t  x  £ K .. n  x j <J
S in c e  D c  K ^, t h e r e  e x i s t  r e a l  n u m b e rs , X±>X2 ' ’ **^ i *  
s u c h  t h a t  x 1 < x 2 < . . .  < x ± and  f ( x ± ) = f ( x ) .  By
3 ) ,  t h e r e  e x i s t s  an i n t e g e r  A s u ch  t h a t  x e ^ .
A ssume t h a t  I  < i .  S in c e  x  € D, by t h e  n e s t i n g  p ro p ­
e r t y  o f  th e  t h e r e  e x i s t s  a  s e q u e n c e  (yn ) o f  d i s ­
t i n c t  e le m e n ts  i n  j  t h a t  c o n v e rg e  t o  x . We may 
assum e w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  t h i s  s e q u e n c e  has
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th e  a d d i t i o n a l  p r o p e r t i e s  t h a t  f o r  a l l  n ,  f (yn ) < f (x )>
y n + l  < V  811(1 x  < y n* S in c e  *n  € Ki ,  y  f o r  n  =
k!1 , 2 , • • • ,  we h a v e  th e  a s s o c i a t e d  i n f i n i t e  s e t s  {yn ) 
w h e re  f ( y £ )  = f ( y n ) ,  = yn , an d  y * '1 < y £  f o r
If
k  = 1 , 2 , • • • , ! .  We may assum e t h a t  each  {yn 3 c o n v e rg e s ,
f o r  i f  n o t ,  we c o u ld  p i c k  c o n v e rg e n t  s u b se q u e n c e s  i n  an
o r d e r l y  f a s h i o n  and o b t a i n  a  s u b se q u e n c e  o f  {yn 3 w h ich
h a s  t h e  d e s i r e d  p r o p e r t i e s .  S in c e  f ( y k ) = f (yn^ ;f'o r  
kn  = 1 , • • • , !  e a c h  {yn 3 m u st c o n v e rg e  t o  a e le m e n t o f  
{xk 3^_ i»  B u t [x^3 c o n v e rg e s  t o  x  = x ^  w here  X < j ,
h e n c e  t h e r e  e x i s t s  a  l e a s t  i n t e g e r  p > X su ch  t h a t  n one
o f  t h e  s e q u e n c e s  [yn ) c o n v e rg e s  t o  xp .
L e t n n b e  a  p o s i t i v e  i n t e g e r  s u ch  t h a t  (yk  ) 
u ^ 0
f o r  k  = 1 , • • • , ! ,  i s  w i th i n  m ia  [ |x k -xk _1 | 3^=2 fro m  th e  
p o i n t  t o  w h ic h  th e y  c o n v e rg e .  S uppose  t h a t  kQ i s  su ch
ICq ^
t h a t  th e  s e q u e n c e  {yn  } c o n v e rg e s  t o  x P " . Now 
k  _
f ( y  u ) < f ( x )  = f ( y  ) ,  h e n c e  by th e  i n t e r m e d i a t e  v a lu e  
n 0 p 0
koth e o re m  t h e r e  e x i s t s  a  z b e tw e e n  y and y s u ch
n0 p
kot h a t  f ( z )  = f ( y n + 1  ) .  Now b y  t h e  c h o ic e  o f  nQ,
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Z ^  x ?  .!  f o r  k = 1 , 2 , He nc e  M f ( y *  + 1 ) ) >  
o 0
ici  + 1 , w h ich  i s  a  c l e a r  c o n t r a d i c t i o n  s in c e  y e
n 0
K. . c  K .. T h e r e f o r e  x  e K. . an d  D c  k . .. i , j  i  J
Now i f  x  e j  311(1 x  i s  n o t  o n e  o f  t h e  dy a d ic
r a t i o n a l s ,  th e n  f o r  e a c h  p o s i t i v e  i n t e g e r  n , x  e
f o r  some k .  H ence , x  e Dn  fO T  a11  p o s i t i v e  i n t e g e r s
n an d  th u s  x  e D. Now D i s  c l e a r l y  a  m e a s u r a b le
s e t  and  i f  we add  th o s e  d y a d ic  r a t i o n a l s  t o  D w h ich
a r e  c o n ta in e d  i n  K. . ,  t h e  r e s u l t i n g  s e t  w i l l  s t i l l  be 
j-j J
m e a s u r a b le .  T h e r e f o r e  K. . i s  m e a s u r a b le .
■Lj J
F o r  E a  B o re l  s u b s e t  o f  F ^ , 1 < j  .< i ,  l e t
6 )  ^ ( e ) -  n ( f - 1 (E ) n Ki ( J )
w h e re  p i s  L e b esq u e  m e a su re  on  [ 0 , 1 ] .  F o r e a c h  i ,  
by Lemma 2 .2 ,  t h e r e  e x i s t s  t h e  f o l l o w i n g  d e c o m p o s it io n  
o f  :
7) Fi = A Fi’r  n Fi>k = 0 for 6 * k;
8 )  ^  = os* J  = 0  f ° r  °  0
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9) i f  m ,n  e a ,  th e n  m ~  n  r e l  F i  j  j and
1 0 ) i f  k  £ o ,  th e n  ^ i > k (F^ j )  = 0 .
F o r 1 <; j ,m  <C i ,  and  a  e A p u t
11 > - 4 , 3 , * -  n Ki,m -
By G y  1 < j  jC i ,  we s h a l l  m ean t h e  j t h  e le m e n t  i n  a ,  
w h e re  we c o n s i d e r  t h e  e le m e n ts  i n  a  t o  b e  l i n e a r l y  
o r d e r e d .
F i n a l l y ,  f o r  1 < j  < i ,  i  = 1 , 2 ,  • • • ,  l e t
1 2 ) E , ,  = U U k  E° .
J  k  o e A j
We w i l l  show t h a t  t h e  c o l l e c t i o n  {E^ 1 _< j  < i ,
i  = 1 ,2 ,  • • * ,  s a t i s f i e s  t h e  c o n d i t i o n s  o f  t h e  lemma.
From 1 1 )  i t  f o l l o w s  t h a t ,
_ „ a 1 
Ea & 1 i  1 n 1h A , j , n  * >3 , n
= n V J  n ) n )
= n * 1 ’ , J ' )  n (Ki . n  n Ki ' , n ' ) '
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The a b o v e , t o g e t h e r  w i th  2 )  and 8 ) ,  im p l ie s  t h a t
EI , J , n n “ *  l f  a ^ i  ^ i ' • z '
and n  ^  n ' .  H ow ever, E^ i , n  c  ^rn,!^ l f  an d  o n ly  i f  
i  = m an d  n  i s  t h e  k t h  e le m e n t i n  a.  H en ce ,
Ei  j  n k  = f o r  1 ^  m and J* ^  k *
From  1 ) ,  3 )  and 1 1 ) ,  i t  f o l l o w s  t h a t
n Ki , J
c p*,i n *(*!,„>
= P*,i n F ( = FI , i -
S uppose  t h a t  y  e F J ± c  F ^ . Then by  1) t h e r e  e x i s t s  
x e Kg n  su ch  t h a t  f ( x )  = y .  T h e r e f o r e ,
X € n Ktia = E jj l j n  and y 6 f ( E ^ 1;11) which
im p l ie s  t h a t  Fa  ± c  f ( E^ x , n ^  H en ce* we h a v e  e s t a b ­
l i s h e d  t h a t
!3) '<®Z,i,n> - •
Now fro m  12) and  1 3 ) we s e e  t h a t  f o r  1 < j , n  < i ,
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k ae k  j  * > n
-  f <El , n ) '
S u p p o se  f ( x )  = f ( y )  and  x ,y  e E ^ j .  Then t h e r e  
e x i s t  0 , 0 ' , ! , ,  A ', n  and n* su ch  t h a t  x  e e J  . n  and
y  e e J |  ±t  n , .  From 13 ) we h a v e  t h a t  f ( x )  e F^ and
f  ( y ) e PA , ,  h e n c e  X = JL' . x  e e J  £ , im p l ie s  t h a t
f ( x )  e F a  ± , th u s  f ( y )  e F °  ± and  o = o ' . M o reo v e r,
* _ a  „  _ t.0 * and  x ,y  e E, , ,  we m u s ts in c e  x  e E ^ . ^ ,  y  e , 3
h av e  t h a t  b o th  and Ei , i , n >  a r e  s u b s e t s  o f
E± y  b u t  t h i s  c a n  o n ly  h a p p e n  i f  b o th  n and n 1 a r e  
t h e  j  t h  e le m e n ts  i n  a o r  e q u i v a l e n t l y  n = n ! . We 
h av e  now shown t h a t  x ,y  e e J  <= K ^ m- H ow ever, f  
i s  one t o  one on m, so  t h a t  x  = y and th u s  f  
r e s t r i c t e d  t o  E^ j  i s  o n e  t o  o n e .
S u p p o se  E i s  a  B o re l  s u b s e t  o f  F^ i . From 9 )  i t  
f o l l o w s  t h a t  p. (E) = 0 i f  and o n ly  i f  u . (E) = 0 .l,£T j x , k
H ow ever, 6 )  im p l i e s  t h a t  t h i s  i s  e q u i v a l e n t  t o
u ( f _ 1 (E)  n Ki < 0  ) = 0 i f  and o n l y  i f
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M (f_;L(E) n K ) = 0 .
•* k
K, and  E c: ^ , we h av e  t h a t
n ( f - 1 (E) n Kl j 0 ^) = n ( f _;L(E) n
= n ( f _ 1 (E) n Ei ; J ) .
S i m i l a r l y ,  n ( f _ 1 (E) n K± , o k ) = n ( f - 1 (E) n E1>k) and 
t h u s ,  U ( f - 1 (E) n E1 ( k ) = 0  i f  and o n ly  i f
E = U U & ( f £  ± n E) and th u s  i s  th e  u n io n  o f  p a i r w i s e  
SL ae A i ' 1
d i s j o i n t  s e t s  o f  t h e  fo rm  f o r  w h ic h  i v )  h a s  b ee n  shown 
t o  h o ld .
From 1 2 ) and  1 3 ) i t  f o l l o w s  t h a t
p ( f - 1 ( e ) n Ei  j )  = 0 , w h e re  E i s  a  B o r e l  s u b s e t  o f  
Fa . . F o r  E a  B o re l  s u b s e t  o f  t h e  ra n g e  o f  f.»
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J
b u t  U 
k=!
f ' ^ f(Ed , V '  '  ^ r J' K ' i  csA* mfca
F o r e ( { A ^ ’ ) '*  o r  e q u i v a l e n t l y ,  E = f ^ f ^ E ) )
and m £ a , we h av e  t h a t
h (e n E ^ m) = n ( f - x ( f (E ) )  n I f 1 ^ )  n Ki , J )
= n ( f _1( f(E )  n F ° ' j )  n Kl j n )
=  n
< H.nrt.J =  ° -
F i n a l l y  we hav e
- =
U U U *E? . „  and h e n c e
k = l i  ae  A J 1 - ^ ak
U  = U H. . U (U U , u E?
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n (  u E k n E) + S E , E M(E n E° J )
k=l J' 1 j mfa
= u(  U E, k n E ) .
k = l
As we w i l l  s e e  l a t e r  th e  { E ^ j )  c o r r e s p o n d s ,  in
t h e  f i n i t e  c a s e ,  t o  a  p a r t i t i o n i n g  o f  e i g e n s u b s p a c e s  
a c c o r d in g  t o  t h e  m u l t i p l i c i t y  o f  t h e i r  e i g e n v a lu e s .
F o r  1 < i ,  J  < n ,  n  = 1 ,2 ,  • • • ,  l e t  f  j b e
th e  r e s t r i c t i o n  o f  f  to  and d e f i n e  j
f ro m  En ± o n to  En ^ .  by
nst ,3 x) - f ig ( f |E ,(X) )-
n , i  n , j
S u p p o se  E i s  a  B o r e l  s u b s e t  o f  E ^ i . Then fro m  
Lemma 2 .2 ,  u ( f _ 1 ( f ( E ) )  n En > 1 ) = 0  i f  and o n ly  i f
H ( f _ 1 ( f ( E ) )  n E ^ j )  = 0 , b u t  u ( n S i ) ; J (E ) ) =
u f f T 1 ( f ( E )  ) ) = u ( f ' 1 ( f ( E )  ) n L  , ) ,  and n (E )  = 
En , j
u f f ? 1 ( f ( E )  ) ) = (E ) ) n EL ± ) .  H ence f o r  E
En , i
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a  B o r e l  s u b s e t  o f  En  p (E ) = 0 i f  an d  o n ly  i f
| i ( r g i  j ( E )  ) = 0 . T h e r e f o r e ,  f o r  1 < i ,  j  < n , n  =
1 , 2 , • • * ,  e a c h  n g i  j  s a t i s f i e s  th e  h y p o th e s i s  o f
Lemma 2 .1 ,  s o  t h e r e  e x i s t s  a  0  c o r r e s p o n d in g
n s i ,  j
t o  e a c h  g .  . .  F o r  n  = 0 , 1 , 2 , l e t  n  i  j j
gk (^ <
2 2 0  (x )  f o r  x  e U Ek .
n= k  i = l  n s k , i  k = i  '
o th e r w i s e  .
T heorem  2 . 3 .  L e t f  be  a s  i n  Lemma 2 .3  and l e t  gk be
a s  d e f i n e d  a b o v e . T hen [L2 [ U E, . ] , g .  } i s  t h e  ca n o -
k = i  1
n i c a l  d e c o m p o s it io n  sy s te m  f o r  th e  w e a k ly  c lo s e d  r i n g
P r o o f : L e t  e  be  t h e  f u n c t i o n  on [ 0 ,1 ]  d e f i n e d  by
e ( x )  = 1 f o r  a l l  x  i n  [ 0 , 1 ] .  S in c e  L [ 0 ,1 ]  c: ( (A^) 1 ) 1,
i t  f o l lo w s  t h a t  e i s  a  c y c l i c  v e c to r  f o r  
T h e r e f o r e ,  t h e r e  e x i s t s  a  m e a s u re  £t on #if , t h e  
m ax im a l i d e a l  s p a c e  o f  ( { A ^ } ') ' ,  su c h  t h a t  f o r  
Ag  6 ({Af ) ' ) ’ ,
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(A e , e )  = J SA(m )dn(m ) . 
s  mf
S u p p o se  Ah e ( (Af } ' ) 1 . Then
( w ^  = i 0l h ( t ) [ „ L i i  V i ( t ) ] d "
= r  E f h ( t ) 0  ( t ) d p .  
n= k i = l  J En  k  n fek , i
Prom  Lemma 2 .1 ,  we h a v e  t h a t  
oo n
2 2 [ h ( t )  0  ( t ) d p  =
n=k i = l  k  n  k ' 1
n i  J l  ^ , 1h ( ” 8 l ' I t ( t )  ’ ] ^ i , k (t)<J"
= = .L J, h<ngi,k(t) }<i|i '
Now by  T heorem  1 .2  t h e r e  e x i s t s  a  b o unded  B o re l  f u n c t i o n  
h '  on t h e  r a n g e  o f  f ,  s u c h  t h a t  h  = h ’o f .  T h e re ­
f o r e ,  f o r  t  e En  i*  we h a v e  t h a t
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h ’ (f > >
= h ' t f f f ; 1 ( f ( t )  ) )
' En ,k
= h ' ( f ( t )  ) = h ( t )  .
T h u s ,
s  S J h( S l  k ( t )  )dn = s  e J h (t)d u
n=k 1=1 J En^  n 1,K n=k i = l  En j i
= [ h ( t )  d|i
oo n 
U U E .
n=k i = l  n* 1
Combining th e  above r e s u lt s  we have th a t
( A j ^ . S f c )  = n h ( t )  d|J '
U.  •UnE^ 1n=k i= l
F o r  i  = 1 , 2 , • • • ,  l e t
S i  -  f ^ f ^ E ^ )  ) .
A
I f  A 6 ( { A f } * ) ',  th e n  fro m  th e  d e f i n i t i o n  o f  (i
He
Theorem  2 .2 ,  i t  f o l l o w s  t h a t
and
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n ( E )  = J ^ n E ( t ) d n  = (A^e.e) = J A ^ ( m ) d ( i  
= =
A
U sin g  th e  above  c o n n e c t io n  b e tw e e n  \i and pi, com bined 
w i th  Lemma 2 .3  p a r t  5 ) ,  we h a v e  t h a t
f r u t ) d u  «  n (  U U En  . n  E )
J oo n  *  n= k  1=1 21,1
U U E 
n=k i = l  n>1
oo n
= 2  |i(  U EL , fl E) 
n=k. i - 1  n '
= 2 ^ ( f - 1 ( f ( E  k ) ) n E) 
n= k  J
= n ( s ± n E)
A A
= M(s± n E)
= J n g  (m )I^ (m )d |j .
m^ k
F o r  Ah e ({A^}')1, a p p r o x im a t in g  w i t h  s im p le  f u n c t io n s  
and  u s in g  t h e  a b o v e , we h a v e  e s t a b l i s h e d  t h a t
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
(Ah g k , g k ) =  J h ( t ) d u  = J A ^ ( m ) n A  ( m ) d £ .
u U E . f
n=k 1=1 n ' 1
Now we s h a l l  p r o v e  t h a t  ( (Af  3 ' )  = L2[ U Ei j k ]
i= k
w h e re  we c o n s id e r  L2 [ U E. k ] a s  a  s u b s p a c e  o f  L [ 0 ,1 ]  
i= k
in  t h e  n a t u r a l  m a n n e r . We w i l l  f i r s t  show  t h a t  f o r
k = 1 , 2 , • •  • ,  l / g k e L°°[ U E. k ] .  L e t E =
K i= k  lj,K
( x : 0  (x )  < 0 ) .  From Lemma 2 .1  i t  f o l l o w s  t h a t
n g i , J
0 > J 0 „ (t)dn = J n U , ( t )  )0 g. .(t)dM
E n i j j  n g i , f E ) n  ’ J
■ I  n , (t)d|J ^ °'
n g  x , j ( E )
an d  h e n c e , n (E )  = 0 o r  e q u i v a l e n t l y  0  > 0  a . e .
n i ,  j
S in c e  n gk # k (x )  = x f o r  x e E ^ k we hav e  t h a t
0  (x )  = 1 and t h u s ,  E 0  (x )  > 1 f o r
n g k ,k  i = l  n 11* ’ 1
X e E .  . T h e r e f o r e ,  gk (x )  > 1 f o r  x  e _U k
11, K. 1=K
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an d  we h av e  e s t a b l i s h e d  t h a t  i  e L°°[ U E. , ] .
s k  i= k  ^
Now, f o r  e a c h  bounded  B o re l  f u n c t i o n  g on [ 0 ,1 ]  su ch
t h a t  g ( x )  = 0 f o r  x  £ U Eh k  , we show t h a t  t h e r e
e x i s t s  a  f u n c t i o n  g w i th  t h e  p r o p e r t y  t h a t
A~ e ( { A . ) ' ) '  and  s ( x ) = g ( x ) f o r  x  G . U, Ei ,k *& x i= k  3
D e f in e  th e  f u n c t i o n  g 1 on t h e  r a n g e  o f  f  a s  f o l l o w s ,
s(f’|‘1 (y )  ) i f  y  6 f ( E ±^k ) f o r  some i  > *
s' (y) = { Ei*k
0 o th e r w i s e .
From 1 3 ) i n  t h e  p r o o f  o f  Lemma 2 .3 ,  we s e e  t h a t  
f ( Ei  k ) n f ( E j  k ) = 0  i f  i  ^  j ,  and h e n c e  g« i s  
w e l l  d e f i n e d .  A lso  we n o te  t h a t  f o r  x  e Ej_ k , i  > k ,
g (x ) = g ( f j ^  ( f ( x )  ) = g ' ( f ( x )  ) .
Now l e t  g = g 'o  f .  Then fro m  th e  ab o v e  s t a t e m e n t ,  
g .  = g f o r  i  > k .  By Theorem  1 .2  we know t h a t
>Ei , k  
Peg € ({Af } * ) ' .
Now i f  h  i s  a  c o n t in u o u s  f u n c t i o n  in  L2 [ U E. k ] ,
i= k  J
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th e n  t h e r e  e x i s t s  a  f u n c t i o n  h  su c h  t h a t
Ah -i e ({A*.}1)» .  S in c e  sk 1
^  I Sk = * i Sk = h’gk  k
we h a v e  t h a t ,  h  e ((A f } ' ) ' g k , fro m  w h ich  i t  f o l l o w s  
t h a t  ( (Af ] ’ ) ’Sk  = L2 [ .U  E i , k ] ■
A l l  t h a t  r e m a in s  t o  b e  shown i s  t h a t  p ( [ 0 , l ] )  =
00 00
u( U U E. , ) .  Prom th e  c o n s t r u c t i o n  i n  Lemma 2 .3 ,  we 
k = l  i= k  1 ,K
ca n  p a r t i t i o n  [ 0 ,1 ]  a s  f o l l o w s
[ 0 ,1 ]  = f ^ f  U F . ) 0 U K,
i = l  1 i = l  1
= u [ f _1( U u ±p j  .) n u ka ]
1=1 J=1 oeA 1 1 >J n = lJ =
^■-1u u u u f ^ p j  •) n K m
i = l  j = l  m=l ae  A j  ,d
oo i  i
= U U U U , E? . .
1=1 j = l  m=l ere A j
We show ed i n  Lemma 2 .3  t h a t  C ® p,qc  g f o r
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some p and  q i f  and  o n ly  i f  m $ cr f o r  some a .
I f  m £ a , th e n
“  "  Ki , J  -  -  ° '
00 i
T h e r e f o r e ,  p ( [ 0 , l ] )  = p ( U U E. .)  and s in c e
i = l  j = l  l j J
00 00 00
E ( { A - J O 'S v  = E L [ U E. , ] ,  th e  p r o o f  o f  t h e  t h e o -  
k = l  f  K k = l  i= k  X' K
rem i s  c o m p le te d .
Rem ark 2 .2 .  I f ,  i n  Lemma 2 .3  and  Theorem  2 .3 ,  we r e ­
p l a c e  [ 0 ,1 ]  b y  Xn  = ( 1 , 2 , • • • , n ) , L e b esq u e  m e a s u re  by  
c o u n t in g  m e a s u re  and  c o n s id e r  t h e  r i n g  ( [ A ^ ] ’ ) ' ,  w h e re  
f  i s  a  r e a l  v a lu e d  c o n t in u o u s  f u n c t i o n  on Xn  , th e n  
th e  c a l c u l a t i o n  o f  a  c a n o n ic a l  d e c o m p o s it io n  sy s te m  i s  
g r e a t l y  s i m p l i f i e d .  The s e t s  F± d e f i n e d  in  t h e  p r o o f
o f  Lemma 2 .3 ,  a r e  e a s i l y  s e e n  t o  be  t h e  s e t  o f  e ig e n ­
v a l u e s  o f  Af  w hose e ig e n s u b s p a c e s  h a v e  d im e n s io n  i .  
F o r  e a c h  i ,  i s  e q u a l  t o  f ” 1 (F i ) and
(Ki  j l  1 < J < i s  a Sa l n  a p a r t i t i o n  o f  ^  w ith
t h e  p r o p e r t i e s  l )  = £(%)■> 2 ) Ki , j  n Ki,X  = ^
i
i f  J  ^  &, an d  3 ) U K . . = K . .  I t  i s  e a s i l y  s een
3=1 1
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t h a t  K± j  s a t i s f y  a l l  t h e  c o n d i t i o n s  o f  Lemma 2 .3  and
h e n c e  E. . = K. . .  F o r f i n i t e  d im e n s io n a l  H i l b e r t  
1 1 3 J
s p a c e s ,  t h e  w eak o p e r a t o r  to p o lo g y  a g r e e s  w i th  th e  norm
o p e r a t o r  to p o lo g y .  Thus t h e  S± i n  Theorem  2 .3 ,  w h ich
c o r r e s p o n d  to  t h e  S i n  D e f i n i t i o n  2 .1  o f  t h e  c a n o -  
" i
n i c a l  d e c o m p o s i t i o n ,  a r e  t h e  f o l l o w i n g
w h ere  a l l  b u t a  f i n i t e  num ber o f  t h e  F^ a r e  em pty . 
T h e r e f o r e ,  we s e e  t h a t  t h e  c a n o n ic a l  d e c o m p o s it io n  g iv e s  
u s  a  n a t u r a l  g e n e r a l i z a t i o n  o f  t h e  o r d e r i n g  o f  e ig e n ­
v a lu e s  a c c o r d in g  t o  th e  d im e n s io n  o f  th e  e i g e n s u b s p a c e s . 
H ence t h e  c a n o n ic a l  d e c o m p o s it io n  i s  v e ry  w e l l  s u i t e d  f o r  
th e  u n i t a r y  e q u iv a le n c e  p ro b le m .
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CHAPTER I I I
In  t h i s  c h a p te r  we w an t t o  d e te rm in e  n e c e s s a r y  and 
s u f f i c i e n t  c o n d i t i o n s  f o r  tw o  norm al' o p e r a t o r s  t o  be  
u n i t a r i l y  e q u i v a l e n t .  We w i l l  u s e  t h e  c a n o n ic a l  
d e c o m p o s i t io n  s y s te m  t o  r e d u c e  th e  p ro b le m  t o  one  in  
w h ic h  th e  w e ak ly  c l o s e d  r i n g  g e n e ra te d  by  e a c h  n o rm a l 
o p e r a t o r  h a s  a  c y c l i c  v e c t o r .
We b e g a in  t h e  s tu d y  o f  u n i t a r y  e q u i v a le n c e  by
c o n s id e r in g  some e x a m p le s . A gain  we w i l l  u s e  L [ 0 ,1 ]  a s
2a  r i n g  o f  o p e r a t o r s  on th e  H i l b e r t  s p a c e  L [ 0 , 1 ] .
L e t S be t h e  m id d le  t h i r d  C a n to r  s e t  and  l e t  
c ( x )  be t h e  C a n to r  f u n c t i o n ;  t h a t  i s ,  t h e  f u n c t i o n  on 
[ 0 ,1 ]  w i th  th e  f o l l o w i n g  p r o p e r t i e s :
i ) c ( [ 0 , l ] )  = [ 0 , 1 ] ;
i i ) c i s  m ono tone i n c r e a s i n g
i i i ) c i s  c o n t in u o u s ;  and
i v ) c ' ( x )  = 0 f o r  x  ft S .
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L e t f ( x )  = x + c ( x )  and g (x )  = 2 x . We f i r s t  n o te  t h a t  
and Ag h a v e  th e  same s p e c t ru m , and b o th  g e n e r a t e  
L °°[0 ,1] i n  t h e  w eak o p e r a t o r  to p o lo g y .  I f  P(X) and  Q(‘i )  
a r e  th e  s p e c t r a l  r e s o l u t i o n s  o f  Af  and Ag r e s p e c t i v e l y ,
P(f(S)) = A „ ,  = A - an d  Q(f(S)) = A_ ^
“f 1(f(s)) “S g (f(S))
H owever t h e  m e a s u re  o f  t h e  c a n t o r  s e t  S i s  z e ro  and th e  
m e a s u re  o f  g - 1 ( f ( S ) )  i s  1 /2 .  T h e r e f o r e ,  t h e r e  d o e s  n o t  
e x i s t  a  u n i t a r y  o p e r a t o r  U s u c h  t h a t  U*An  U = An  ,
ns "s^fCs))
and i t  f o l l o w s  t h a t  Af  and Ag  a r e  n o t  u n i t a r i l y  
e q u i v a l e n t .
The ab o v e  exam ple  shows t h a t  n e i t h e r  t h e  c o m p a ris o n  
o f  th e  s p e c t ru m , n o r  t h e  c o m p a r is o n  o f  t h e  r i n g s  w h ich  
th e  o p e r a t o r s  g e n e r a t e ,  i s  a  s u f f i c i e n t  c o n d i t i o n  f o r  
d e t e r m in in g  w hen tw o n o rm a l o p e r a t o r s  a r e  u n i t a r i l y  
e q u i v a l e n t .  T h e re  seem s to  be  a  r e l e v a n t  c o n n e c t io n  w i th  
r e g a r d  to  th e  f u n c t i o n  t a k i n g  s e t s  o f  m e a su re  z e ro  to  
s e t s  o f  p o s i t i v e  m e a s u r e .  The n e x t  ex am p le  w i l l  g iv e  u s  
m ore i n s i g h t  i n t o  t h i s  c o n n e c t io n .
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F o r p and q p o s i t i v e  r e a l  n u m b e rs , l e t  
f p (x )  = xp ,  l e t  Ph q (x )  = xp /q  and l e t  p Uq be t h e  
o p e r a t o r  on  L2[ 0 ,1 ]  d e f in e d  by
( V K t)  = k (phq( t ) ) ( ph ' q(t ) ) 1/ 2
P z a
= (£ )V 2 k ( t P /q ) t 2q ^
F o r  h ,  k  e L2[ 0 , 1 ] ,  we h av e  t h a t
" r i  £ = a
( U k ,  U k )  = J | k ( t p / q ) | 2p /q  t  q d t  
vp q p q o
= j  l k ( x ) | 2 dx
= ( k , k ) ,  an d
1 P z a
(p u qk ,h )  = J k ( t p / q ) ( ^ ) 1 /2 t 2 q  d t
i  , E r a  S rE= I k ( x )  h ( x q / p ) ( a ) 1/ 2 ( x q / p ) 2q x 2p dx
0 p
1 _______ a=£= J k ( x )  h ( x q / p ) ( a ) l / 2x 2p dx
0
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Thus we s e e  t h a t  U i s  an  i s o m e t r y  and U i s  i t s  
P q q P
a d j o i n t .  M o re o v e r ,
, p - g  ,q-p
( U* U ) ( t )  = k ( t ) ( £  t 2pp q p q q p
= k ( t ) .
S i m i l a r l y ,  p Uq p U*q = I ,  and th u s  p Uq i s  a u n i t a r y  
o p e r a t o r .  I t  i s  e a s i l y  v e r i f i e d  t h a t  U Af  = Af  U .
q P
I t  s h o u ld  be n o te d  t h a t  i n  t h i s  exam p le  t h e  f u n c t i o n  
p h q h a s  th e  p r o p e r t y  t h a t  f p ( t )  = f q ( p h q ( t ) )  811(3 t h a t  
i t  i s  a  c o n t in u o u s  f u n c t i o n  w h ic h  ta k e s  s e t s  o f  m e a s u re  
z e ro  t o  s e t s  o f  m e a s u re  z e r o .  H ence , f o r  E a  B o r e l  
s u b s e t  o f  r e a l  n u m b e rs , p ( f p - 1 (E ) )  = 0 i f  and o n ly  i f  
p ( f q _1 (E ))  = 0 ,  w h ere  p i s  L e b e sg u e  m e a s u re  on [ 0 , 1 ] ,
The ab o v e  ex a m p le s  p o i n t  t h e  way t o  th e  f o l l o w in g  
th e o re m .
T heorem  3 . 1 . L e t f  and g b e  c o n t in u o u s ,  m onotone 
i n c r e a s i n g ,  r e a l  v a lu e d  f u n c t i o n s  on [ 0 , 1 ] .  Then A^ 
i s  u n i t a r i l y  e q u i v a l e n t  t o  Ag i f  and o n ly  i f  
p ( f  ( E ) ) = 0 i s  e q u i v a l e n t  t o  p (g  " ^ E ))  = 0 , f o r  ea ch  
B o r e l  s u b s e t  E o f  r e a l  n u m b e rs .
Reproduced with permission of the copyright owner Further reproduction prohibited without permission.
51
P r o o f :  S u p p o se  t h a t  (JL(f- 1 (E ))  = 0  i f  and o n ly  i f  
[i(g~ '1' ( E ) )  = 0 , f o r  ea ch  B o r e l  s e t  E . L e t k  be t h e  
c o n t in u o u s  f u n c t i o n  from  [ 0 , l ]  o n to  [ 0 , 1] d e f in e d  by 
k ( x )  = g “ 1 ( f ( x ) )  f o r  x  e [ 0 , 1] .
I f  E i s  a  B o r e l  s u b s e t  o f  [ 0 , 1 ] ,  th e n
U( k( E) )  = n ( g _1 ( f ( E ) ) )  = 0
i s  e q u i v a l e n t  t o
11(E ) = n ( f _1 ( f ( E ) ) )  = 0 .
H ence we h av e  shown t h a t  p (E )  = 0 i f  and o n ly  i f  
j i ( k ( E ) )  = 0 , f o r  E a  B o r e l  s u b s e t  o f  [ 0 , 1 ] ,  T h e r e f o r e ,  
k s a t i s f i e s  t h e  h y p o th e s i s  o f  Lemma 2 .1  s o  t h a t  t h e r e  
e x i s t s  a  f u n c t i o n  0 k  s u c h  t h a t
1 ) J f ( k ( t ) )0. ( t ) d p  = J f ( t ) d p ,  and 
0 0
2 )  «<h (k":L( t ) ) 0 k_1 ( t )  = 1 a . e .
p
D e f in e  t h e  o p e r a t o r  U on L [ 0 ,1 ]  a s  f o l l o w s ,  f o r  
h  e L2[ 0 , 1 ] ,  l e t
( U h ) ( t )  = h ( k ( t ) ) ( 4 ( t ) ) 1 / 2 .
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As in  t h e  e x a m p le , p r o p e r t y  1) im p l i e s  t h a t  U i s  
is o m e t r y  and p r o p e r t y  2 ) im p l ie s  t h a t  th e  o p e r a t o r  
d e f i n e d  by
( U * h ) ( t )  = h ( k ' 1 ( t ) ) ( i ^ _ 1 ( t ) ) 1 / 2
f o r  h  e L2[ 0 , 1 ] ,  i s  t h e  a d j o i n t  an d  i n v e r s e  o f  U.
o
U i s  a  u n i t a r y  o p e r a t o r  on  L [ 0 , 1 ] ,  and m o re o v e r , 
h e L2[ 0 , 1 ] ,  we h av e  t h a t
(UAgh ) ( t )  = (U g h )t
=  g ( k ( t ) ) h ( k ( t ) ) « y t ) ) 1 / 2  
= f ( t ) h ( k ( t ) ) ( 0 k ( t ) ) 1//s 
= (Af U h ) ( t ) .
T h e r e f o r e ,  Af  i s  u n i t a r i l y  e q u i v a l e n t  t o  Ag .
Now l e t  u s  assum e t h a t  t h e r e  e x i s t s  a  u n i t a r y
o p e r a t o r  U s u c h  t h a t  A^U = UA^.
L e t B b e  t h e  c o l l e c t i o n  o f  a l l  B o re l  s u b s e t s  o f  
[ 0, 1] and  l e t  71 b e  t h e  c o l l e c t i o n  o f  a l l  n u l l  s e t s  i n  
B .  By B/71 we m ean th e  c o l l e c t i o n  o f  a l l  e q u iv a le n c e  
c l a s s e s  o f  s e t s  i n  B , w h ere  tw o s e t s  E and F a r e
e q u i v a l e n t  i f  and  o n ly  i f  E A F = (E \F ) U (F \E ) e ?). We
an
U*,
T hus,
f o r
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l e t  E d e n o te  t h e  e q u i v a le n c e  c l a s s  w h ich  c o n t a in s  E. 
Now i f  E e B , th e n  U *A ^U  i s  a  p r o j e c t i o n  in
( {Ag} * )*  = L °°[0 ,1] . T h e r e f o r e ,  t h e r e  e x i s t s  a  B o re l s e t  
F s u c h  t h a t  U*Aj^_U = A^ . We u s e  t h i s  t o  d e f i n e  a
f u n c t i o n  $ ,  fro m  B  t o  B/7{3 by § (E )  = F , w h ere
UAjj U* = . Now s u p p o se  t h a t  E ^ E g  e B , F-  ^ e
E F
F2 e  * ( E 2 ) a n d  E l n E g  =  0. m e n  ^  =  %  %  =
P i n P2 1 2
(UA^ U*)(UAn  U*) = UAjj An  U* = UAp U* = 0 .  T h u s ,
E1 E2 E1 E2 El nE2
P i  n P2 e ^  b u t  F i  fl e2 e ^  im p l ie s  t h a t  A^ +A
P1 F2
A_ . T h e r e f o r e ,  UA_ U* = UA- U* + UA U* =
^F-jUFg l,E1 VE2
A_. -!■ A-. = A_ , o r  e q u i v a l e n t l y ,  $(E-| UE„) =
n F UF nF UF*1 2 x l u 2
F1UF2 = F-j^UFg = § (E X) U $ (E 2 ) .  L e t E e B and F e § ( E ) .
Then UA_ U* = U (A - -JL. )U* = iU  -A =
[ 0 , 1 ] \E  “ [ 0 ,1 ]  “ e  “ [ 0 ,1 3  F
A_ , so  t h a t  i ( [ 0 , l ] \ E )  = [ 0, 1 ] \ § ( E ) .  L e t e be
[ 0 , 1 ] \F
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th e  c o n s t a n t  f u n c t i o n  1 on [ 0 , 1 ]  and h — U e. I f  
F € $ (E ) , th e n
unE - uv  - V e =
Now s u p p o se  t h a t  E = U E^, E^ e B , E^ n Ej  = 0  i f  i
and F . e $ (E ± ) .  T h e n , i n  th e  L2 [ 0 ,1 ]  n o rm , 
n
n  = l im  e II,
T h e r e f o r e ,
[ J.J.U1 llg .
E n  1=1 1
m v = l im  s  u n  E n _> oo i = l  Ej_
= lim  e  n p h
n  -* «  i = i  * i
= n h,
o r  e q u i v a l e n t l y ,  i ( E )  = U i ^ ) .  H en ce , i  I s  a
i = l
CT-homomorphism from  B o n to  B/*f{.
L e t A1 = [ 0 , 1 ] ,  and  f o r  e a c h  r a t i o n a l  num ber i 
[ 0 , 1] ,  l e t  Aa  e # ( [ 0 , a ] ) .  I f  a  < P, th e n  4 ( [ 0 , a ] )  [
a in
§ ( [ 0 , 0 ] ) .
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F o r  a  < p, l e t  E = A \A 0 and  l e t  E = U E . S in c e  
<x,0  a  0 a <0 °
p.(E) = 0 , i f  we l e t  Ba  = Aa  U E, th e n  Ba  e § ( [0 ,c c ] )  and
a  < 0 im p l ie s  t h a t  B c  B_. D e f in e  cp fro m  [ 0 ,1 ]  i n t o  cc p
[ 0 , 1] by th e  f o l l o w i n g ,  f o r  e a c h  x  e [ 0, 1] ,  l e t
cp(x) = i n f [ a | x  e Ba ) .
I t  f o l l o w s  im m e d ia te ly  t h a t
fx |c p (x )  < t )  = U B , 
a < t  a
and  h e n c e  t h a t  cp i s  m e a s u r a b le .  From t h e  d e f i n i t i o n
o f  cp i t  i s  a l s o  e a s i l y  seen  t h a t  cp 1[ 0 , a ]  = Ba  e * [ 0 , a ] .
T h e r e f o r e ,  s i n c e  cp ^ and  $ a r e  a-hom om orph ism s, 
cp-1  (E ) e * (E )  f o r  a l l  B o r e l  s e t s  E. M o reo v e r, s i n c e  
cp"1 (E ) e § ( E ) ,  we h a v e  t h a t
UV * = ^  -1
cp (E )
and  th u s ,  cp-1  (E ) h a s  m e a s u re  z e r o  i f  an d  o n ly  i f  E h a s  
m e a s u re  z e r o ,  f o r  e a c h  B o re l  s u b s e t  E o f  [ 0 , 1 ] .  L e t
n . ur. • / •
S f t )  = v a .  XL, w h e re  E. e B  and  E. n E . = Y> i f  J 7=- J •
i = l  ' ^ i  1 i d
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( u s ) ( t ) = s  a 1 (unE ) ( t )
i = l  i
= s "  a n  ,  ( t ) h ( t )
1=1 1 n> Ce, )
= a ^  ( v ( t ) ) h ( t )  
= S ( * ( t ) ) h ( t ) ,
o
and s in c e  t h e  s im p le  f u n c t i o n s  a r e  d e n s e  i n  L [ 0 , 1 ] ,  
f o r  k  e L2[ 0 , 1] we h a v e  t h a t
( u k ) ( t )  =  k ( c p ( t ) ) h ( t ) .
S i m i l a r l y ,  f o r  U* t h e r e  e x i s t  a cp* and a  h*  su c h  
t h a t  f o r  k e L2[ 0 , 1 ] ,
( U * k ) ( t )  =  k ( c p * ( t ) ) h * ( t ) .
S in c e  U*U = I ,  i t  f o l l o w s  t h a t
h ( c p * ( t ) ) h ( t )  =  e ( c p ( c p * ( t ) ) ) h ( c p * ( t ) ) h ( t )
= (U * U e )( t)  = 1 ,
and i f  i ( x )  = x ,  th e n
cp(cp*(x)) = cp(cp*(x) )h (cp*(x) )h * (x )
= (U *U i) (x ) = x .
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S i m i l a r l y ,  cp* o cp = i ,  and  t h u s ,  cp* = cp""1. From o u r  
a s s u m p tio n  we know t h a t  UAf  = AgU, and  by  a p p ly in g  e t o  
b o th  s id e s  o f  th e  e q u a l i t y ,  we h a v e  t h a t
f ( c p ( t ) ) h ( t )  = (UAf e ) ( t )
= ( A g U e ) ( t)
= g ( t ) h ( t ) .
S in c e  h ( t )  J  0 a . e . ,  f ( c p ( t ) )  = g ( t ) .  M o reo v e r, cp and 
cp**1 ta k e  s e t s  o f  m e a s u re  z e ro  t o  s e t s  o f  m e a su re  z e ro ,  
so  t h a t  p ( f -1  ( E ) ) = 0 i f  and o n ly  i f  ^(g**1 ^ ) )  = 0 f o r  
e a c h  B o re l  s u b s e t  E o f  [ 0 , 1 ] ,
L e t P(X ) and  Q(X) be  t h e  s p e c t r a l  r e s o l u t i o n s  o f  
A^ and Ag r e s p e c t i v e l y .  From Lemma 1 .1  we know t h a t ,  
f o r  a B o re l  s e t  E, P (E ) = A^ and Q(E) = A^
f _:L(E) e _1 (E)
T h e r e f o r e ,  we h av e  t h e  f o l l o w i n g  c o r o l l a r y .
C o r o l l a r y  3 . 1 . S uppose  t h a t  f  and g a r e  c o n t in u o u s ,  
m ono tone i n c r e a s i n g ,  r e a l  v a lu e d  f u n c t i o n s  on [ 0 , 1 ] ,  L e t 
P (X ) and Q(X) b e  t h e  s p e c t r a l  r e s o l u t i o n s  o f  Af  and Ag 
r e s p e c t i v e l y .  Then Af  i s  u n i t a r i l y  e q u i v a l e n t  t o  Ag
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i f  and  o n ly  i f  P (E ) = 0 i s  e q u i v a l e n t  t o  Q(E) = 0 , f o r  
e a c h  B o re l  s u b s e t  E o f  r e a l  n u m b e rs .
D e f i n i t i o n  3 . 1 .  L e t f  be  a  c o n t in u o u s ,  m ono tone 
i n c r e a s i n g ,  r e a l  v a lu e d  f u n c t i o n  on [ 0 ,1 ]  and l e t  P(X ) 
be i t s  s p e c t r a l  r e s o l u t i o n .  Then w i l l  b e  u s e d  to
d e n o te  th e  B o r e l  m e a s u re  d e f in e d  a s  f o l l o w s .  F o r e a c h  
B o re l  s u b s e t  E o f  r e a l  n u m b e rs , l e t  li^ (E )  = ( P ( E ) e ,e )  
w h e re  e i s  t h e  c o n s t a n t  f u n c t i o n  1 .
I t  i s  e a s i l y  s e e n  t h a t  i f  P (E )  = 0 t h e n  |if (E ) = 0 .
A ssume t h a t  \if  (E ) = 0 f o r  a  B o r e l  s e t  E . Then
| | P ( E ) e | | 2 = ( P ( E ) e ,P ( E ) e )  = ( P ( E ) e ,e )  = M f(E) = 0 .
Now l e t  F b e  any o t h e r  B o re l s e t .  S in c e  e i s  a  
c y c l i c  v e c t o r  f o r  ({A ^}* )*  and  P ( E ) [ P ( F ) e ]  = P ( F ) [ P ( E ) e ]  = 0 , 
we h a v e  t h a t  P (E ) = 0 .  T h e r e f o r e ,  we h a v e  shown t h a t  
P (E ) = 0 i f  an d  o n ly  i f  pf (E) = 0 .  T h i s ,  t o g e t h e r  w ith  
C o r o l l a r y  3 . 2 ,  g iv e s  u s  th e  f o l l o w i n g .
C o r o l l a r y  3 . 2 . L e t f , g ,  pf  and  be  a s  i n  D e f i n i t i o n
3 . 1 .  Then Af  i s  u n i t a r i l y  e q u i v a l e n t  t o  Ag i f  and
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o n ly  i f  |if  and  ng a r e  m u tu a l ly  a b s o l u t e l y  c o n t in u o u s .
C o r o l l a r y  3 .2  w i l l  b e  th e  m o d e l f o r  d e t e r m in in g  i f  
tw o n o rm a l o p e r a t o r s  on a  s e p a r a b l e  H i l b e r t  s p a c e  a r e  
u n i t a r i l y  e q u i v a l e n t .
D e f i n i t i o n  3 . 2 . L e t N b e  a  n o rm a l o p e r a t o r  on th e  
H i l b e r t  s p a c e  H, and P (X ) i t s  s p e c t r a l  r e s o l u t i o n .  Then 
f o r  7{ e H, l e t  d e n o te  th e  B o r e l  m e a su re  d e f in e d  in  
th e  f o l l o w i n g  w ay . F o r  e a c h  B o r e l  s e t  E , l e t  pN^ ( E )  = 
(P (E  )7 l,7 l).
Lemma 3 . 1 . L e t N be  a  n o rm a l o p e r a t o r  on  th e  H i l b e r t  
s p a c e  Hj and  l e t  M b e  th e  w e a k ly  c lo s e d  r i n g  g e n e ra te d  
by N and N*. I f  § and  71 a r e  b o th  c y c l i c  v e c t o r s  
f o r  t h e  r i n g  M, th e n  and a r e  m u tu a l ly
a b s o l u t e l y  c o n t in u o u s .
P r o o f :  L e t P(X)  be t h e  s p e c t r a l  r e s o l u t i o n  f o r  N, and 
s u p p o se  E i s  a  B o re l s u b s e t  o f  com plex  n u m b e rs . S in c e  
p \ ( E )  = ( P ( E )7 t,7 l)  = (P(E)7?,P(E)7?) = | | P ( E ) | | 2 , HN^ ( E)  = 0
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i f  and  o n ly  i f  P(E)7? = 0 .  F o r F , B o r e l ,  we h av e  t h a t
P (E ) [P (F ) f l ]  = P (F )[P (E )7 ? ] = 0 , b u t  ?! i s  a  c y c l i c
v e c t o r  f o r  M so  t h a t ,  t h e  l i n e a r  sp an  o f  {P(F )7!|F  i s  a
B o re l  s e t )  i s  d e n s e  i n  H. T h e r e f o r e  P(E)7l = 0 i f  and
No n ly  i f  P (E ) = 0 . T h u s , we h av e  shown t h a t  p ^ (E )  = 0 
i f  and  o n ly  i f  P (E ) = 0 .  I f ,  i n  t h e  a b o v e , we r e p l a c e  
71 by  § , we a r r i v e  a t  t h e  same r e s u l t ,  and th e  c o n ­
c l u s i o n  o f  t h e  lemma f o l lo w s  im m e d ia te ly .
The n e x t  lemma show s u s  t h a t  i f  ({ N ) / ) h a s  a  
c y c l i c  v e c t o r ,  th e n  we a r e  n o t  f a r  rem oved from  th e  
c o n d i t i o n s  o f  Theorem  3 .1 .
Lemma 3 . 2 . L e t  N be  a  n o rm a l o p e r a t o r  on th e  H i l b e r t
s p a c e  H, and l e t  M b e  th e  w e a k ly  c lo s e d  r i n g  g e n e ra te d
by N and N*. I f  M h a s  a  c y c l i c  v e c t o r  71, th e n
t h e r e  e x i s t s  an  i s o m e t r i c  o p e r a t o r  U from  H o n to
L2[ d \ ]  su ch  t h a t  U“ 1NU = A±,  w h e re  i  i s  th e  f u n c t i o n
2 Nd e f i n e d  by i ( x )  = x and  A ^f = i f  f o r  a l l  f  e L [ p ^ ] .
P r o o f :  F o r E a  B o re l  s e t ,  l e t  UTIE -  P(E)9?. E x ten d  U 
l i n e a r l y  t o  t h e  c o l l e c t i o n  o f  a l l  s im p le  f u n c t i o n s .
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T h u s , U now maps a  d e n s e  s u b s e t  o f  H l i n e a r l y  o n to  
2 Na  d e n s e  s u b s e t  o f  L [ j i  ] .  M o reo v e r,
P
IIH e I I 2 = J n ^
= m" (E)p
= (p (E ) iv t i)
= i I u n E | | .
T h e r e f o r e ,  U ca n  b e  e x te n d e d  t o  an  is o m e tr y  f ro m
L2 [ hN ] o n to  H.
B
I f  E and  F a r e  B o re l  s e t s ,  th e n
(mjhe , p (]?)ti) = J x a ( p ( x ) u n E ) p (p ) ^ )  
= J x a t P f x ^ E ^ P M n )  
= J x t i r .Ii,(X)a(p(X)T,J-n)
= (n Ei , r i p )
= (u(nEi),p(F)n).
S in c e  t h e  l i n e a r  s p a n  o f  e le m e n ts  o f  t h e  form  P (F )n  i s  
d e n s e  i n  H, we h a v e  t h a t  NUItg = U (iIIE ) j  f o r  a l l  B o re l 
n
s e t s  E . I f  S = £ a^EL , th e n  
k=l K k
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n
NUS = NU(S a J L  ) 
k = l  K k
= Ca w\
-  C a ui\
= U ( iS ) .
As th e  s im p le  f u n c t i o n s  a r e  d e n s e  i n  L2 [|aN ] ,  we can  c o n c lu d e
h
t h a t  f o r  a l l  f  e L2[H Nn ] ,
NUf = U ( i f ) = UAj_f.
We a r e  now r e a d y  to  s t a t e  n e c e s s a r y  and s u f f i c i e n t  
c o n d i t i o n s  f o r  two n o rm a l o p e r a t o r s  t o  b e  u n i t a r i l y  
e q u i v a l e n t  i n  th e  c a s e  w h ere  t h e  w eak ly  c lo s e d  r i n g s  
t h a t  th e y  g e n e r a te  h a v e  c y c l i c  v e c t o r s .
Theorem  3 . 2 . S u p p o se  H i s  a  s e p a r a b l e  H i l b e r t  s p a c e ,
Nk (k  = 1 ,2 )  i s  a  n o rm a l o p e r a t o r  i n  B(H ) and i s  th e
w e ak ly  c l o s e d  sy m m e tric  r i n g  g e n e ra te d  by  and  N*^.
Nk
I f  5 i s  a  u n i t  c y c l i c  v e c t o r  f o r  M, and i f  |i - 
k ^  ’ k
i s  th e  B o r e l  m e a s u re  w h ich  c o r r e s p o n d s  t o  Nk and ?k , 
th e n  N1 i s  u n i t a r i l y  e q u i v a l e n t  t o  N2 i f  an d  o n ly
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N-, N0
i f  p _ and  p. -  a r e  m u tu a l ly  a b s o l u t e l y  c o n t in u o u s .  
?1 2
P r o o f : L e t Pk (>0 be t h e  s p e c t r a l  r e s o l u t i o n  o f
Nk (k  = 1 , 2 ) .  Assume t h a t  t h e r e  e x i s t s  a  u n i t a r y  o p e r a t o r
U su c h  t h a t  UX^ = NgU. F o r E a  B o re l  s e t ,  we h av e
t h a t
n“ 2 ? (E )  = (P 2 ( E ) ? 2 , 5 2 )
=  ( u * p 1( e ) u ? 2 , ? 2 )
= (P1 (E )U ?2 ,U 52 )
Nt
-
S in c e  iP o S g  = UM2U*U?2 = UM2 ?2 = H, U52 i s  a  c y c l i c  
v e c t o r  f o r  M1 . T h e r e f o r e ,  by  Lemma 3 .1 ,  U ? and
Nn
p. ■LuS  a r e  m u tu a l ly  a b s o l u t e l y  c o n t in u o u s .  T hus,
NIN N i t  iNo
(j. = ^ i r a p l i e s  t h a t  p ^  and p. ^  a r e  m u tu a l ly
a b s o l u t e l y  c o n t in u o u s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
64
N1 NP
Now assum e t h a t  |jl -*■- and  M _ a r e  m u tu a l ly
51 2
a b s o l u t e l y  c o n t in u o u s .  Then by  th e  Radon-N ikodym  
T heorem , t h e r e  e x i s t s  a  n o n - n e g a t iv e  r e a l  v a lu e d  
f u n c t i o n  h  s u c h  t h a t
r n r n
J f d p  = J f h d p  %  .
51 ?2
2 N1 2 N? -iD e f in e  V fro m  L [ p. ] o n to  L [p  ? ] by
91 2
1 / ?  ?
V f = f ( h )  f o r  e a c h  f  e L * [p  .
In  th e  same m an n er a s  b e f o r e  i t  i s  e a s i l y  s e e n  t h a t  V 
i s  an  i s o m e t r y .  L e t VR(k  = 1 ,2 )  be t h e  i s o m e tr y  from  
N
L2 [ p  k  ] o n to  H g iv e n  by  Lemma 3 .2 .  M o re o v e r , l e t  
?k
U b e  th e  o p e r a t o r  f ro m  H o n to  H d e f in e d  by
U = V-jWp""1 .
A g ain  l e t  i  b e  th e  f u n c t i o n  g iv e n  by i ( x )  = x ,  f o r  x
a  com plex  num ber and l e t  A ^ ( k  = 1*2 ) b e  t h e  o p e r a t o r  
N
su c h  t h a t  f o r  f  e L2 [ p k  ]* Ak . f  = i f .  From Lemma 3 .2  
?k  1
we know t h a t  Vk  = A = l-»2 ) c l e a r l y ,
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A^LV = VA2i . th e r e fo r e , V ^ N ^ V  = w 2~1n2V2' ° r
e q u i v a l e n t l y ,  ni v’i VV2 1 = " ^ 1 ^ 2  1n2* S in c e  
U = V-j^Wg"1 we h a v e  t h a t  N-jU = UWg. S in c e  U i s  th e  
p r o d u c t  o f  i s o m e t r i e s , i t  i s  a l s o  an  i s o m e tr y  and s in c e
(U „ ,? ) = (V-lW2'\,% )  = (Tl.VgV- ^ ' 1? ) ,
U* = V2V _ lv i " :L'  T h e r e f o r e ^
UU* = (V1W 2"1)(V2V~;LV1“1) = 1 ) and
u*u = (v2v“1v1"1)(v1w 2"1) = I.
H ence, U i s  t h e  r e q u i r e d  u n i t a r y  o p e r a t o r .
B e fo re  c o n s id e r in g  t h e  c a s e  w h e re  th e  w eak ly  c lo s e d  
r i n g s  g e n e ra te d  b y  th e  n o rm a l o p e r a t o r s  do n o t  hav e  
c y c l i c  v e c t o r s ,  we show t h a t  we c a n  r e p l a c e  t h e  m e a s u re  
t h e o r e t i c  c o n d i t i o n  o f  Theorem  3 .2  w i th  a  t o p o l o g i c a l  
c o n d i t i o n  on t h e  m ax im al i d e a l  s p a c e s  o f  t h e i r  w eak ly  
c lo s e d  r i n g s .
L e t N b e  a  n o rm a l o p e r a t o r  on  a  s e p a r a b l e  H i l b e r t  
s p a c e  H, M th e  w e a k ly  c lo s e d  r i n g  g e n e ra te d  by N
and N*, and % a  c y c l i c  v e c to r  f o r  M. S uppose  a l s o
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a r e  a s  i n  Lemma 3 .2  and  t h a t  W{ i s
Ai
th e  m ax im a l i d e a l  s p a c e  o f  t h e  w e a k ly  c lo s e d  r i n g  
g e n e r a te d  by A± and A * \.  We u s e  th e  c h a r a c t e r i z a t i o n  
and n o t a t i o n  o f  Theorem  2 .2  f o r  . L e t t  be th e
r e s t r i c t i o n  map fro m  t o  th e  s p e c t ru m  o f  N; t h a t  i s ,  
Ai
f o r  0  e , t ( 0 )  = X w h e re  0(A f.) = f ( x )  f o r  f  a
i  1
c o n t in u o u s  f u n c t i o n  on t h e  s p e c tru m  o f  N.
Lemma 3 . 3 . L e t N, k ±, an d  t  be  a s  a b o v e .
I f  F i s  a  c l o s e d  s e t  o f  com plex  num bers s u c h  t h a t  
pW^ ( F ) > 0 and  U an o p en  s e t  w h ic h  c o n t a in s  F, th e n
P ro o f :  In  th e  p r o o f  o f  Lemma 3 . 1 ,  we showed t h a t
o r o j e c t i o n  in  M. w h ich  c o r r e s p o n d s  to  P ( F ) ,  we h av e  
A i  A
t h a t  A _  /  0 s o  t h a t  F i s  an  o p e n  s e t  i n  71\A . The:
i
A n
F a t  (U)
pW^ (F )  > 0 i f  a n d  o n ly  i f  P (F ) /  0 .  S in c e i s  t h e
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e x i s t s  a c o n t in u o u s  f u n c t io n  f  su ch  t h a t  f  i s  e q u a l 
t o  one on F , z e ro  on th e  com plem ent o f  U and betw een  
on e  and z e r o  e v e ry w h e re  e l s e .  Now
%  ^  V
w h ich  i m p l i e s  t h a t
< Af ^ X  '
S uppose  t h a t  0  e Then
1 = ngi(0) = Af(0) = f ( t ( 0 ) )  < i .
T h u s , f ( t ( 0 ) )  = 1 and  we h a v e  t h a t  t ( 0 )  e U o r  
e q u i v a l e n t l y  0  e t  1 (U ).
The n e x t  two lemmas b e g in  to  d e v e lo p  a r e l a t i o n s h i p  
b e tw een  t h e  to p o lo g y  on t h e  m axim al i d e a l  s p a c e  and  th e  
m e a su re  in d u c e d  fro m  th e  c y c l i c  v e c to r  f o r  th e  r i n g .
Lemma 3 A .  L e t A .,  JR. and  t  b e  a s  in  Lemma 3 .3 .----------  1 9
I f  F i s  a  c lo s e d  s e t  o f  com p lex  num bers such  t h a t  
|JN^ (F ) > 0 ,  th e n  F c: t - 1 ( F ) .
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-1  wProof: Suppose F 0 t (F). Then there exists a 0
such that 0 e F and 0  £  t“1 (F). Since t(0) £ F, there 
exist open sets 0^ and 0p with the following pro­
perties: 1) t (0) e 0F ; 2 ) F c 0^; and 3) °0 n °p
is empty. From Lemma 3*3 we have that 
F c t_1(0p ) and hence, it follows that 0 e t 1 (0p ). 
However, we now have that
0  € t  1 (0 pi) fl t  t  ( ° p  H 0 0 ) ,
w h ich  i s  a c l e a r  c o n t r a d i c t i o n .  T h e r e f o r e ,  we h av e
A n
established that F cz t (F ) .
NLemma 3 . 5 . A g a in , l e t  M ? and  t  be a s  m
Lemma 3.3. For each Borel set E, A ^ ^ E )  has void 
interior if and only if p ^(E) = 0.
P r o o f :  F i r s t  we n o te  t h a t  s i n c e  i  i s  c o n t in u o u s ,
A ^ (0) = 0(Ai ) = t (0), for 0 e ^  .
Assume t h a t  t h e  i n t e r i o r  o f  A ^"^(E ) i s  n o t  em pty . 
Then by Theorem  2 .2  t h e r e  e x i s t s  a B o re l  s e t  F su ch  
t h a t  HW? (F ) 0  0 and F c  A ^ 1 ( E ) . I t  now f o l lo w s  t h a t
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t _ 1 (P )  = a J  (F ) c  a£  1 (E) = t _ 1 (E ) ,
and  h e n c e  F c  E. H ow ever, pN^ (F )  > 0 im p l ie s  t h a t  
HN?(E) > 0.
Now assum e t h a t  ( - ^ ( E )  > 0 .  From  Theorem  1 in  
s e c t i o n  39  o f  [ 2 ] ,  we know t h a t  m e a s u re s  o f  t h e  form
? a r e  r e g u l a r .  T h e r e f o r e ,  t h e r e  e x i s t s  a c lo s e d  
s e t  F w i th  p o s i t i v e  m e a su re  c o n ta in e d  in  E . From 
Lemma 3 .4  we h av e  t h a t
F c  t ” 1 (F ) = A* (F ) c  A* (E ) .
T h e r e f o r e ,  th e  i n t e r i o r  o f  A^ (E) i s  n o t  em p ty .
Now, u s in g  Lemma 3 .2 ,  we t r a n s f e r  th e  c o n d i t i o n s  
o f  Lemma 3 .5  o v e r  t o  N and  %.
Theorem  3 . 3 . S u p p o se  t h a t  H i s  a s e p a r a b l e  H i l b e r t
s p a c e ,  N i s  a n o rm a l o p e r a t o r  in  B (H ), M i s  th e
w eak ly  c lo s e d  sy m m e tric  r i n g  g e n e ra te d  by N and N*,
N§ i s  a u n i t  c y c l i c  v e c to r  f o r  M, and p  ^ i s  th e
B o re l  m e a s u re  w h ic h  c o r r e s p o n d s  t o  N and ? . Then,
A-1
i f  E i s  a B o re l  s u b s e t  o f  t h e  com plex  p l a n e ,  N (E ) 
h a s  v o id  i n t e r i o r  i f  and o n ly  i f  MN^ (E ) = 0 .
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P r o o f : L e t be a s  b e f o r e ,  and  l e t  V be  th e
O M
is o m e tr y  from  H o n to  L [P  g iv e n  in  Lemma 3 .2 .  The 
map N •* V- 1 NV d e f i n e s  a hom eom orphism  cp fro m  ty o n to  
s u c h  t h a t  N ^(0 ) = A ^(cp(0)) f o r  e a c h  0  e 1J\. Now 
th e  th e o re m  f o l lo w s  d i r e c t l y  from  Lemma 3 .5 .
C om bin ing  Theorem  3 .2  and Theorem  3 .3  we a r r i v e  
a t  t h e  f o l l o w i n g  th e o rem  o f  P o r c e l l i  and B u t t s  w h ich  i s  
g iv e n  i n  [ 1 ] .
Theorem  3 . 4 . S u p p o se  H i s  a  s e p a r a b l e  H i l b e r t  s p a c e ,
Ni ( i  = 1 ,2 )  i s  a n o rm a l o p e r a t o r  i n  B (H ), M1 i s  th e
w eak ly  c lo s e d  sy m m e tric  r i n g  g e n e ra te d  by Ni  and N*\ ,
i s  a u n i t  c y c l i c  v e c t o r  f o r  M1 and 97L i s  th e
m ax im al i d e a l  s p a c e  o f  M1 . Then a n e c e s s a r y  and
s u f f i c i e n t  c o n d i t i o n  f o r  N-^  t o  b e  u n i t a r i l y  e q u i v a l e n t
t o  N „, i s  t h a t  f o r  each  B o re l  s e t  E o f  com plex
2 _1 
num bers (E ) h a s  v o id  i n t e r i o r  i f  and o n ly  i f  N2 (E)
h a s  v o id  i n t e r i o r .
We w i l l  now c o n s id e r  t h e  c a s e  w h ere  th e  w eak ly
c lo s e d  r i n g s  g e n e r a te d  by  th e  n o rm a l o p e r a t o r s  do n o t
h ave c y c l i c  v e c t o r s .
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D e f i n i t i o n  3 .3  L e t  H be  a s e p a r a b l e  H i l b e r t  s p a c e ,
l e t  N be a n o rm a l o p e r a t o r  in  B (H ), and l e t
( ( K ^ r i^ )}  b e  a c a n o n ic a l  d e c o m p o s it io n  f o r  t h e  w eak ly
c lo s e d  sy m m e tr ic  r i n g ,  M, g e n e ra te d  by N and  N*. F o r
e a ch  i ,  l e t  be  th e  m e a s u re  d e f in e d  in1
D e f i n i t i o n  3 .2 .  The c o l l e c t i o n  O 1^ ]  i s  c a l l e d  th e  
m u l t i p l i c i t y  s e t  f o r  N.
Rem ark 3 .1 .  I t  i s  c l e a r  t h a t  K .,M i ,R , and S , th e  ----  i  l K^ i
m axim al i d e a l  s p a c e  o f  M, , s a t i s f y  th e  h y p o th e s i s  o f  
'K i
T heorem  3 .3 .  T h u s , f o r  e a c h  B o re l  s e t  E, ( - ^ ( E )  = 0
. - 1
i f  and o n ly  i f  NA (E) D S ^ ,  h a s  v o id  i n t e r i o r .  T h e re ­
f o r e  i f  S = S , th e n  and . a r e  m u tu a l ly
P i  r ,j  i  1
a b s o l u t e l y  c o n t in u o u s .
F i n a l l y ,  we w i l l  now u s e  th e  m u l t i p l i c i t y  s e t  o f  
th e  n o rm a l o p e r a t o r s  t o  r e d u c e  th e  g e n e r a l  c a s e  t o  t h a t  
o f  Theorem  3 .2 .
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Theorem 3.5. S u p p o se  H i s  a s e p a r a b l e  H i l b e r t  s p a c e ,
IL ( i  = 1 , 2 )  i s  a n o rm a l o p e r a t o r  on H, i s  th e
w eak ly  c l o s e d  sy m m e tr ic  r i n g  g e n e ra te d  by I'L and N*^, 
and  i s  th e  m ax im al i d e a l  sp a c e  o f  M^. M o reo v er,
Nki f  {P = ! ^ 2 ) i s  th e  m u l t i p l i c i t y  s e t  f o r  Nk , th e n
N, and Nc a r e  u n i t a r i l y  e q u i v a l e n t  i f  and o n ly  i f  
1 2 N, N
f o r  e a c h  i ,  P \  and  P ^ a r e  m u tu a l ly  a b s o l u t e l y
c o n t in u o u s .
P r o o f : S uppose  t h a t  U i s  a u n i t a r y  o p e r a t o r  such
t h a t  UN-^  = N^U. L e t A ' e (M1 ) '  and B e M2 . Then 
U*BU e M1 and U*BUA' = A 'U *H J, w h ich  im p l ie s  t h a t  
B(UA^U*) = (U A 'U *)B . T h u s , we h av e  t h a t  U*(M2 ) 'U c  (M1 ) ' .  
S i m i l a r l y  U(M1 ) 'U ^  <= (M2 ) '  and h e n c e  = (M2 ) ' .
A ls o , i f  i s  a  c y c l i c  v e c t o r  f o r  (M1 ) " ,  th e n
(M1 ) ,’?0 = H = U (M1 ) *U*U§0 = (M2 ) 'U ? 0 and t h e r e f o r e  
U§q i s  a c y c l i c  v e c t o r  f o r  (M2 ) ' .
S u p p o se  {(K1 , ti1 )3 i s  a  c a n o n ic a l  d e c o m p o s itio n  f o r
M1 . We c la im  t h a t  { (L^,U r)i )} w here  L± = M2Urii  i s  a
2
c a n o n ic a l  d e c o m p o s it io n  f o r  M . S in c e  
H = © UM1U*Urii  = ©. M2! ! ^ ,  a l l  t h a t  we m u st show
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i s  t h a t  cpTrn = Ilc . I f  A e M2 , th e n  
m i  s tm.
(AUri i , U n . )  = (U*AUT11 , ti1 )
= Js ( U * A U ) A ( m ) d ^ 1
= (P s  U*AU§0 ,S 0 )
= (UPq U*AU§0 J U§q )
= J (UP U *)A(m)AA(m)crn ,
2
and (A tm .^ U u .) = I ^ A A(m)cpu ri_ (m )dP2 (m ). T h e r e f o r e ,
( up U *)A = cDtt a . e . ,  and  s in c e  UPQ U* i s  a p r o j e c t i o n
1 Sti. %
in  M2 , we h a v e  t h a t  cpTT = EL . Now i f  P(X ) and  
urii  ^Urii
Q(X) a r e  th e  s p e c t r a l  r e s o l u t i o n  o f  N^ and Ng 
r e s p e c t i v e l y ,  th e n  f o r  E a B o r e l  s e t ,  P (E) = .
(P (E )U i ,Tii ) = (U*Q(E)Uni ,U i ) = (Q (E)U rii ,U r1 i) =
N
p 2ur) (E ) .  S in c e  by Lemma 3 .1  t h e  c h o ic e  o f  c y c l i c
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v e c t o r s  f o r  K. and  L, d o e s  n o t  a f f e c t  th e  a b s o lu t e
1 N1 N2 c o n t i n u i t y  o f  th e  m e a s u re s ,  we h av e  t h a t  F i  and H ^
a r e  m u tu a l ly  a b s o l u t e l y  c o n t in u o u s .
We s h a l l  now p ro v e  th e  s u f f i c i e n c y  p a r t  o f  th e
th e o re m . L e t { (K± ,*ni ) ]  and ( (L i , ? i )} b e  c a n o n ic a l
d e c o m p o s i t io n  s y s te m s  f o r  M and M r e s p e c t i v e l y  
S in c e  M1 ! (M2 , ) h a s  n . ( ? . )  a s  a  c y c l i c  v e c t o r ,  and
' Ki  ' Li
(S^ ) a s  i t s  m ax im al i d e a l  s p a c e ,  Theorem  3 .2  can  b e
1 1 N N
a p p l ie d  t o  V . and  H ^ . T h e r e f o r e ,  t h e r e  e x i s t s  a
u n i t a r y  o p e r a t o r  such  t h a t  and U^N-  ^ -
N g lh . I f  U = th e n  U i s  a u n i t a r y  o p e r a t o r  and
UN1 = N2U.
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VITA
D av id  S. L e n a b u rg  was b o rn  in  V a l l e y  C ity*
N o r th  D ak o ta  on May 31* 1 9 4 2 . He a t t e n d e d  P o r t l a n d  
H igh  S c h o o l in  P o r t l a n d ,  N o r th  D ak o ta . He r e c e iv e d  a 
B .S . d e g r e e  from  M a y v il le  S t a t e  C o lle g e  w h ich  he  
a t t e n d e d  from  S ep tem ber., i 960 t o  May, 1964 . From 
S e p te m b e r , 1964 t o  May, 1965* h e  t a u g h t  in  th e  P u b l ic  
H igh S c h o o l in  C o o p e rs to w n , N o rth  D a k o ta . From 
J u n e , 1965 t o  A u g u s t, 1967, h e  a t t e n d e d  th e  U n iv e r s i t y  
o f  N o rth  D ak o ta  w h e re  he r e c e iv e d  a  M .S. d e g r e e .
In  S e p te m b e r , 1967, h e  e n r o l l e d  i n  th e  g r a d u a te  
s c h o o l o f  L o u i s i a n a  S t a t e  U n iv e r s i t y  w h ere  he was a 
g r a d u a t e  a s s i s t a n t  u n t i l  A u g u s t , 1 9 7 0 . D u rin g  th e  
s c h o o l y e a r  o f 1970-71 he w as an i n s t r u c t o r  a t  t h i s  
u n i v e r s i t y .
He i s  p r e s e n t l y  a c a n d id a t e  f o r  th e  d e g re e  o f  
D o c to r  o f  P h ilo s o p h y  in  M a th e m a tic s .
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